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CHAPTER 1

ABOUT THIS COURSE

Quantum information science is the field that studies how information is stored, processed, and trans-
mitted when it is governed by the laws of quantum mechanics. It includes areas such as quantum com-
puting, quantum communication, quantum cryptography, quantum sensing, and quantum error correction.
Although still relatively young, quantum information science has already had a profound impact on
many areas of physics, especially on the study of quantum systems composed of many interacting
particles, commonly referred to as many-body quantum systems.

Within this context, quantum circuits and tensor networks have emerged as essential tools to tackle
fundamental questions in quantum dynamics—from the mechanisms of thermalization and the emer-
gence of statistical mechanics in isolated systems, to the onset of quantum chaos and its deep connections
with black hole physics and holography in quantum gravity. Studying these phenomena in a concrete
setting is notoriously difficult, due to the exponential growth of the Hilbert space and the inherently
non-linear structure of quantum correlations. Random quantum circuits and tensor networks offer a
powerful way to overcome these challenges: they enable analytical and numerical progress through
disorder averaging, while capturing the typical behavior of generic quantum systems thanks to quan-
tum typicality arguments.

Crucially, the interplay between quantum information and many-body physics has not only re-
fined our understanding of traditional problems, but has also uncovered entirely new dynamical
phases of matter — phases that arise uniquely in programmable quantum devices. This so-called syn-
thetic quantum matter cannot be characterized by conventional local order parameters such as magne-
tization or current. Instead, its defining features are quantum informational, such as the structure of
entanglement or nonstabilizer (magic state) resources, or the system’s ability to preserve quantum in-
formation against noise and local errors. Understanding and classifying such phases requires a shift
in perspective —from symmetry and energetics to information content and computational complexity.

At the same time, random unitary dynamics, especially in the form of random quantum circuits,
have become indispensable tools in the NISQ (noisy intermediate-scale quantum) era. They provide
efficient and versatile frameworks for a wide range of applications, including the benchmarking and
verification of quantum computations, the characterization of noise in experimental platforms, and
the estimation of observables via shadow tomography. Far from being purely theoretical constructs,
these methods are implemented across various platforms — from superconducting qubits to cold
atoms — and are central to the ongoing development of near-term quantum technologies.

This course provides a pedagogical introduction to random unitaries and to several key methods
from quantum information theory, with a focus on their application to many-body physics. A sub-
stantial part of the course covers research-level topics introduced only in the past few years, offering
a unique opportunity to engage with current questions at the interface between two rapidly evolving
fields. It is also intended to serve as a solid preparation to pursue a Master’s thesis, a doctorate or
work in the private for these areas.

Structure of this course. We introduce the core randomization concepts in two parts, Quantum
Randomness I and II — each followed by a chapter that immediately connects the developed methods
to applications in quantum information and many-body physics. The introduced methods and con-
cepts are illustrated in numerous educational examples. Each chapter features a set of exercises at the
end, as well as a “further reading’ section providing additional information and references, primarily
in the form of original articles. This allows to deepen the learned concepts and to connect the course
material to current research in the field. We summarize the chapters in the following;:

Ch. 2: In Quantum Randomness I, we introduce the foundations for the randomization methods used
throughout the course. We begin by discussing the Haar measure and explain how to analyze the
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Ch. 3:

Ch. 4:

Ch. 5:

statistics of random unitaries through their moments. This involves the computation of certain
integrals over the unitary group for which we introduce Weingarten calculus as a central toolbox
based on permutations and their properties, which we discuss thoroughly in this chapter. We
also study unitary designs, which provide efficient approximations of Haar randomness and play
an important role in practical implementations.

We present the framework of classical shadows. Introduced around 2020, classical shadows offer
an efficient way to extract information about quantum states using only a small number of
randomized measurements. This technique has already found widespread use in experimental
platforms and continues to inspire a growing body of research.

In Quantum Randomness II, we explore random quantum circuits in detail. These models
provide an efficient and physically motivated approach to generate randomness in quantum
many-body systems, and they serve as minimal models for chaotic quantum dynamics.

Here, we show how random circuits can be used to model scrambling, thermalization, and
information spreading in interacting quantum systems. These models also offer connections to
quantum chaos, complexity growth, and typicality in many-body physics.



CHAPTER 2

QUANTUM RANDOMNESS 1

In this section, we lay the foundation for the study of random unitaries in quantum information
theory and many-body systems. By ‘random’” we mean mainly Haar-random, this is, the unitaries are
sampled uniformly from the unitary group on our system’s Hilbert space. We formally introduce this
distribution, the Haar measure, in Section 2.1. Eventually, we are interested in statistical quantities —
expectation values, correlations, and generally moments of our random unitaries — and will develop
tools to compute those within this chapter. Central to these are permutations and their combinatorics
of which we will cover the necessary background in Section 2.2. Based on permutations, we then
introduce Weingarten calculus in Section 2.3 as a way to evaluate statistical quantities. Finally, we
address practical problems with implementing Haar-random unitaries in Section 2.4 and present
unitary designs as means to overcome these obstacles. We then define the Clifford group in Sec. 2.5
as the most important example of such a unitary design.

2.1 What is a Haar measure?

On the real line IR, there is a unique measure dx satisfying two simple but fundamental properties

1
d(x+y) =dx (translation invariance), / dx=1 (unit volume) . (2.1)
0

This measure represents what we intuitively mean by a uniform distribution: translation invariance
ensures that no point is preferred over any other. However, since R is non-compact, this measure
assigns infinite volume to the full space, and thus cannot be normalized to a probability measure. To
work around this, we typically restrict to a compact interval such as [0, 1], which provides a natural
normalization.

Remarkably, this idea of defining an invariant, uniform measure generalizes to far more abstract
settings. Whenever the underlying set carries a suitable group structure, one can often define a natu-
ral measure that is invariant under group multiplication. More precisely, if G is a compact (Hausdorff
topological) group then there exists a unique measure dg on G that is both

left/right invariant ~ dg = d(hg) = d(gh) (2.2)
normalized / dg=1. (2.3)
G

This unique measure is called the Haar (or uniform) measure on G.
In this course, our primary interest lies in the unitary group U(d), which is compact and thus
satisfied the condition above. Concretely, the Haar measure dU on U(d) satisfies

du = d(uv) = d(vu) /U(d) du=1. (2.4)

This measure provides a rigorous definition of what it means to sample a unitary matrix uniformly
at random. Such samples are typically referred to as being ‘Haar-random’ in the literature and we
will simply write U ~ U(d) for a random matrix U distributed according to the Haar measure on
u(d).

An important property of the unitary group is its transitive action on quantum states: For every
two pure quantum states ) and | ), there is a unitary U such that U|y) = |¢). This also means that
every state can be expressed using a reference state, say |0), as U|0). In this way, the Haar measure
on U(d) induces a probability measure on quantum states, samples of which have the form U|0)
with U ~ U(d). In a minor abuse of language, these random quantum states are also referred to as
Haar-random states.
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Haar integrals and moments. As mentioned in Chapter 1, we intend to use random unitaries as a
tractable proxy for more complicated dynamics, or as means to accomplish certain non-trivial tasks
in quantum information processing. The central ideal is to sample random unitaries and then ask
questions about the average behaviour of our quantum system. This means that we want to evaluate
statistical quantities, i.e. expectation values Ey; .y [f(U)] of suitable functions f defined by the
system we want to analyze.

A very simple example would be a quantum system initialized in |¢) which undergoes a Haar-
random unitary U and is subsequently measured in a basis |i). The probability of observing outcome
iis then f(U) = |(i|U|y)|?, and its expectation value is given by

Buu@f(U) = [ (i) ilulp)(plut)du = Sl (i) = 7 @5)
U(d)

Here, we used Ey; .y Ulp) (¢|U" = 1/d, a simple fact that we will show at the end of this section.

Hence, on average, the outcome distribution will be a uniform one. To get a better understanding of

how fast the random outcome distribution concentrates around its mean (the uniform distribution),

we can now look at the variance of f(U):

Vary o) (D] = By f(W? = (Buv f(WD) = [ (i) i1Uly) (91U" Pl = 5. @6)

Note that
tr(|i) (| Uy ) (p|UT)? = (i) (i| 22U [p) (p|22U=>T), 2.7)

hence, we would now have to compute Eyy(a)U?|9) (¢|“*U¥>?, involving tensor powers of U.
This is slightly less trivial than the previous computation and requires a few more techniques that
we will develop in Sec. 2.3. There, we will also show that the resulting value for the variance is just
slightly less than 1/d?, showing that the fluctuations of the outcome distribution around the mean
are comparably small. We will return to this discussion in Section 5.1.

Another example is given by analyzing the (average) entanglement in the final state U|) accross
some bipartition of the system. A measure of entanglement is the purity of the reduced state: f(U) =
tr(p3) where p; = tro(U|y)(p|U") is the reduced state on the first subsystem. Clearly, if U|y) is
maximally entangled, the reduced state is maximally mixed, thus tr(p?) = 1/d;. In contrast, if U|¢)
is a product state, than the reduced state is pure and tr(p?) = 1. Interestingly, we can again re-express
f(U) using tensor powers of U by exploiting the swap trick tr(X?) = tr(X®?FF) where F is the swap
(or flip) operator that exchanges the two copies of our system. We then see that

tr(p}) = trny ([tr2(Ul) (y]U"))*F)
= trn (tr22[(U) (p|UN)IF) = 1 (Ulg) (p|U") P2 122) , (28)

where we used the defining property of the partical trace, namely tr(XO; ® 1,) = tr(tr2(X)O;), and
F ® 1y, is the operator that swaps only the two copies of the first subsystem (and leave the other one
invariant).

The reason why we can re-express the above functions f using tensor powers of U is because
they are polynomials. This should remind us of classical probability theory, where the central objects
describing a (real-valued) random variable X are its moments IE[X*]. Here, the analogous function
f is simply the monomial f(x) = x*. The study of moments is of course motivated by the fact that
we can expand more complicated (analytical) functions into a Taylor series and thus, the moments
essentially capture all the details of the random variable’s distribution (at least if it is sufficiently
well behaved). For random unitaries, we likewise restrict our attention to polynomial functions
f(U,U) which are complex polynomials in the entries of U and its complex conjugate U. In this
context, the role of monomials is taken by so-called homogeneous polynomials of degree k — those for
which f(AU,AU) = A% f(U, U). A simple example of a homogeneous polynomial of degree 3 in two
complex variables would be x%§ + . A standard result in the theory of polynomials says that they
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can be expressed in terms of symmetric tensors in the variables. Applied to our case, that means that
any homogeneous polynomial of degree k is a linear combination of functions of the form

pap(U, ) := tr(BUSkAURT) (2.9)

We refer to the expectation value of the homogeneous polynomial (2.9) simply as a k-th moment (of
the Haar measure).

From the quantum information point of view, the expectation value of (2.9) can be interpreted as
a matrix element of the linear map

My (A) == /U . Uk AUk QU . (2.10)

This map, known as the k-th Haar twirl or k-th Haar moment operator, appears repeatedly through-
out these notes and plays a fundamental role in both quantum information theory and many-body
physics. It arises in contexts ranging from randomized benchmarking and quantum designs to en-
tanglement theory, thermalization, and quantum chaos. The reason is that tr(BMy(A)) has an opera-
tional interpretation if B is an Hermitian operator an A = p is a quantum state: Preprate the state p,
apply a random unitary U®* to it and measure the expectation value of B. Thus, these moments can
in principle be accessed by a quantum experiment (but not necessarily in an efficient way).

From a theoretical point of view, we would like to evaluate My(A) to predict the statistical be-
haviour of Haar-random unitaries, for instance in the case of the previously given examples. In prin-
ciple, one can perform integration over the Haar measure by explicitly parametrizing the unitaries
and integrating over the associated coordinates. We illustrate this for d = 2 and k = 1 in Example
2.1. However, this approach becomes highly impractical as the dimension d increases, due to the
complicated geometry and rapidly growing number of parameters. Instead, we will introduce more
powerful techniques — based on symmetry and representation theory — that allow us to compute
Haar integrals in an efficient and conceptually clean way.

Consider d = 2 and let us compute the Haar average

/ dUUAU"  for A:(““ “12>. 2.11)
U(2) a1 4

A generic unitary on U(2) is given by

i
cos 0 €'Y sin 6 ) (2.12)

u®, ¢, ) = <ez‘¢ sinf  el@+¥) cos d

with the Haar measure dU = (47t%) ! sin(20)d0d¢dy with 6 € [0, 77/2] and ¢, ¢ € [0,271].
(We ignore the global phase since it cancels trivially in UAUT. The integral acts on each
element of the total matrix (UA U*)ij = Y4 Uik Ax, Uj,l. For concreteness, let us compute
only theentryi =j = 1: (U+AU)11 = Un1a11i11 + U412 + U12a21911 + Uaiizn. Using
the well known formula f dae™ = 0n,0, we find that the terms a1, and ap; simplify. The
remaining computation requires

t/2
/ do sin(26) (COS2 Oai1 + sin? Qazz) = %(1111 ar azz). (2.13)
0

Working out the details for the other indices, we obtain

1 (a1 +ax 0 ) 1
duuAut = = = —tr(A)L 2.14
/U(Z) 2 ( 0 a1 + ax 2 x(4) 214)
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The unitary commutant. The key observation in evaluating the integral (2.10) is that My(A) com-
mutes with all unitaries U®¥ for U € U(d). The subspace of operators that commute with all U%®* is
called the (k-fold) commutant of U(d):

Commy = {A € L(H®%) | U A = AU VU € U(d)}. (2.15)
We then show the following lemma:
Lemma 2.1. Mi(A) € Commy for all A € L(H®¥). In fact, every element in Commy is of the form My (A).

Proof. Clearly, if A commutes with all U%*, then M(A) = A, i.e. every element in Commy is of the
form My (A). Vice versa, if B = My(A), then, by the invariance of the Haar measure:

u®kBu®k,‘|' :/

(UV)=FAUV)2RtaV = / vekAVERtqy = B, VU € U(d). (2.16)
U(d) U(d)

Thus, B € Commy. O

A central step in understanding the commutant is to realize that every U®f commutes with any
operator R, that permutes the k copies of our Hilbert space H according the permutation 7r. For
instance, U®2 clearly commutes with a swap of the two copies. Hence, the permutation operators R
are contained in the k-th fold unitary commutant. These permutation operators form what is called a
representation of the symmetric group Si. A powerful result from representation theory — the Schur-Weyl
duality — then tells us that the groups U(d) and Sy are dual to each other which, among others, implies
that every element in the commutant Commy can be written as a linear combination of permutation
operators R :

Theorem 2.1 (Schur-Weyl duality). The k-fold unitary commutant Commy is spanned by {R, | o € Si}.
Vice versa, the commutant of {R, | o € Sy} is spanned by {U®* | U € U(d)}

We will not seek a deeper understanding of Schur-Weyl duality in this course but merely take this
result as a motivation to develop techniques to evaluate My(A). In particular, Schur-Weyl duality
allows us to express M (A) as a linear combination over permutations, with coefficients determined
by their combinatorics. This leads to the framework known as Weingarten calculus, which enables the
exact evaluation of many relevant integrals over the unitary group. As a result, permutations will
play a key role throughout this course —not for abstract mathematical reasons, but because they offer
a concrete and computable handle on random quantum processes.

2.2 Permutations and their combinatorics

In this section, we will introduce the essential properties of permutations needed for our purposes.
While there is a rich and beautiful mathematical structure behind these ideas, we will focus only on
the aspects that are directly relevant for our discussion and applications.

2.2.1 Permutations and Cycles

A permutation is a reordering of a finite set of elements. In this course, we consider permutations of
the set {1,2,...,k}. We will denote permutations by Greek letters such as 77, o, T, and so on. The set
of all permutations of k elements forms a group under composition, called the symmetric group, and
denoted by Sy.

Given a permutation ¢ € Sy and an element x € {1,...,k}, we write ¢(x) to indicate the image of
x under 0. A common and explicit way to write a permutation is the two-line notation, where the first
row lists the original elements and the second row gives their images under the permutation:

1 2 k
7= ((7(1) o) ... a(k))’ (2.17)
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An example of a permutation of four elements is:

1 2 3 4
0'—<3 1 4 2>. (2.18)

This means that the permutation acts as:
c(1)=3, o(2)=1, o(3)=4, oc(4) =2 (2.19)
The group operation in Sy is the composition of permutations, denoted by ¢ - T for o, T € S, and

defined by
(0-7)(x) =0c(t(x)) forallx € {1,...,k}. (2.20)

Note that permutation composition is applied from right to left: T acts first, followed by ¢.

Consider the following two permutations of k = 4 elements:

123 4 123 4
“‘(3 1 4 2)' T_<4 2 3 1)' (2.21)

To compute the composition (7 - 0)(x) = t(0(x)), we apply ¢ first and then t:

c(1)=3, t(c(1)) =1(3) =3,
c2)=1, t(c(2))=1(1)=4,
c(3) =4, t(c(3))=71(4) =1, 222)
c(4)=2, t(c(4)) =1(2)=2.

Putting everything together, we find:

1 2 3 4
T-(T—<3 41 2). (2.23)

It is important to emphasize that for k > 3, the symmetric group Sy is non-abelian, meaning that
the order of composition matters —in general, 0 - T # T - 0.

Exercise 2.1. Consider the permutations from Example 2.3. Compute the product o - T, and verify that it
differs from T - 0.

The symmetric group contains a special element called the identity permutation, denoted by ¢,
which leaves all elements unchanged:
1 2 ... k
“(1 2 ... k>' (2.24)

By definition, composition with the identity does not change the permutation:

l-C=0=0"L (2.25)

cool=1=0"1.0. (2.26)

To compute the inverse of a permutation 7, for each index i € {1,2,...,k} weset 7~ (7t(i)) = i(i) =
i. The resulting list 777! is the inverse permutation.
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Consider the following two permutations of k = 5 elements:

12345
a_<3 51 9 4>. (2.27)

I we use the rule 0! (c(i)) = i

To compute the inverse o~

c(1)=3=013)=1
c2)=5=015)=2
c(3)=1=011)=3 (2.28)
c4)=2=012)=4
c(5)=4=0"14) =5

Reordering the list in terms of the argument, we find

_ 12345
01:<3 0o s 2). (2.29)

A cyclic permutation, or simply a cycle, is a specific type of permutation in which a subset of ele-
ments is permuted in a closed loop, while all remaining elements remain fixed. Formally, an I-cycle
is a permutation that permutes r elements cyclically and leaves the other k — I elements unchanged.
The number [ is called the length of the cycle.

Concretely, a cycle of length I means that there exists a subset {i,i2,...,i;} C {1,2,...,k} such
that

o(in) =i, o(i2)=1i3, ..., o(i-1) =10, o(i) =1, (2.30)

and for all other elements x & {iy,...,i;}, we have o(x) = x.

Exercise 2.2 (Cyclic permutations). The following are examples of cyclic permutations:

123 4 12345
T_<234 1)’ ”‘(42 1 35)' @31)

Can you identify the subset {ay, ..., a;} that is cyclically permuted in each case? What is the length | of each
cycle? [Answer: For 7, r = [;for o, r = 1.]

One fundamental property of cycles is that any permutation can be decomposed into a product of
disjoint cycles. That is, for any o € Sy, there exists a unique set of cycles that act on mutually disjoint
subsets of {1,2,...,k}. This decomposition is unique up to the order in which the cycles are written.
This motivates the cycle notation of permutations:

o= (aray...a;) (@ 410542 .- aj,) ... (4, 118, 42 ... aj,) . (2.32)

Here, each tuple represents a cycle, and all elements a,, are drawn from {1,2, ..., k} without repeti-
tion. The integer r = #(0) denotes the number of disjoint cycles in the decomposition of .

Let us now describe an explicit algorithm to obtain the cycle decomposition of a permutation, as
in Eq. (2.32). The idea is simple: we iteratively follow the action of the permutation until we return
to the starting point, keeping track of all visited elements.

(i) Startfrom the smallest unvisited element. Initially, thisis x = 1. If 1 has already been included
in a previous cycle, move to the next smallest unvisited element.
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(ii) Construct a cycle by iterating the permutation. Begin by writing down x. Then repeatedly
apply the permutation 7t to generate the sequence

x, (x), m(m(x)), m(n(m(x))), ...
Continue this process until you return to the starting point x. The list of elements
(x m(x) 72(x) ... @ (x)) (2.33)
forms a cycle of length j. Mark all of these elements as visited.

(iii) Repeat the process. Find the next smallest unvisited element and return to step (ii). Continue
until all elements have been visited. The full cycle decomposition of 7t is then obtained by
combining the individual cycles found in each iteration.

Consider the permutation
=(E2249) 23
We apply the cycle decomposition algorithm step by step:
e Start with 1:
1451
This gives the first cycle: (1 4). Mark 1 and 4 as visited.
¢ Next smallest unvisited element is 2:
25552,
This gives the second cycle: (2 5). Mark 2 and 5 as visited.
e The last unvisited element is 3, and since
353,
this is a fixed point (a 1-cycle), written as (3).
Combining the above, the full cycle decomposition is:

T=(14)(25)(3). (2.35)

Note that the order in which disjoint cycles are written is irrelevant. For instance, in Example 2.5,
all of the following represent the same permutation:

T= (14)(25)(3) = (25)(14)(3) = (3)(14)(25).

When the total number of elements k is clear from the context (e.g., k = 5 in this case), it is common
to omit one-cycles, also denoted fixed points, because these elements are understood to remain un-
changed under the permutation. Using this convention, the permutation in Example 2.5 is simply
written as:

T=(14)(25). (2.36)

With this notation, the identity permutation is denoted by ¢ = (), which is shorthand for 1 =
(1)(2) - - - (k) — that is, all elements are fixed.
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The cycle structure of a permutation, denoted by A(7), is the list of the lengths of its disjoint
cycles. For example, the permutation T = (1 4)(2 5) has cycle structure A(7) = (2,2,1). The number
of disjoint cycles is then given by the length of this list:

#(m) = |A ()], for any 7T € Sy. (2.37)

Consider the following permutations of 6 elements
. 1 23 456 v — 1 2
\5 416 3 2) - \5 2
It is a simple exercise to show that their cycle decomposition is T =
= (1,5)(3,6) [which is a shorthand notation for o = (1,5)(3,6)(2)

6)
tlon T has two cycles of length 3, hence the cycle structure is A(7) =
composed of two 2-cycles and two 1-cycles, so the cycle structure is

o)

) . (2.38)

O8]

(1,5,3)(2,4,6) and
(4)]. The permuta-
(3,3). Instead, o is
AMo) = (2,2,1,1).

Exercise 2.3. Show that conjugation preserves the cycle structure of a permutation. That is, for any o, T € Sy,
prove that
Mrort) = A(0).

Transpositions, also known as swaps, are a special class of permutations that exchange exactly two
elements and leave all others unchanged. A transposition has the form:

o (1 i ]k
‘7_(”>_<1 U U B k)' (2.39)
It is straightforward to verify that any permutation can be written as a product of transpositions.
However, unlike the decomposition into disjoint cycles, this representation is not unique — a given
permutation can be written in many different ways as a product of transpositions. While this makes
the transposition decomposition less suitable for labeling permutations, it is extremely useful in alge-
braic manipulations. For instance, it turns out that the number of transpositions in any representation
is always odd or always even, which justifies the definition of the sign of a permutation:

Sgl’l(U’) — ( -1 )#transpositions ino ) (2.40)

The sign function is important for the construction of representations of Sy and plays an important
role in multilinear algebra, in particular in the definition of the determinant of a matrix.

We conclude this section by reviewing some structural aspects of the symmetric groups Sy for
varying values of k. A key property is that the group S, naturally embeds into Si;: that is, every
permutation of k elements can be viewed as a permutation of k + 1 elements that leaves the (k+ 1)-th
element fixed. More formally, we can write

Sp1 =S U{(jk+1)-0c: 0 €Sy j=1,2,...,k}, (2.41)

where the union is disjoint and the second term represents all permutations obtained by composing
an element of Sy with a transposition that swaps k 4 1 with one of the first k elements.

This recursive structure is useful for establishing many properties of permutations by induction
on k. A simple but important example is the total number of elements in the symmetric group.

Theorem 2.2 (Counting of Permutations). Given k > 1, the total number of permutations in Sy is

S| = k. (2.42)
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Proof. The total number of permutations is given by the factorial k! = k(k —1)---2-1, with the
convention that 0! = 1. To prove this, we use induction.
For k = 1, the symmetric group S; = {¢} consists only of the identity permutation, so |S;| =1 =
1!
Assume now that |Sy | = k! for some k > 1. From Eq. (2.41), the next symmetric group can be
written as
Sk+1:Sk|J{(jk+1)-0': O’ESk,j:1,...,k}. (2.43)

There are k possible values of j, and for each j, o runs over all k! permutations in S;. Hence,
|Ske1| = [Sk|+k-[Sk| =k +k-kl=(k+1) -kl = (k+1). (2.44)

This completes the proof by induction. O

Consider now the following permutations of six elements:
o =(123)(56), c»=(2461), 03=(12)(34)(56). (2.45)

While their cycle structures differ, all three permutations have exactly three disjoint cycles. This
illustrates that simply counting the number of cycles is a coarser classification than specifying the
tull cycle structure.

In many computations throughout this course, we will be interested in the number of permuta-
tions in Sy with a fixed number of cycles r = #(¢). This quantity is given by the unsigned Stirling
numbers of the first kind, denoted by c(k, r). These numbers satisfy the recursive relation:

clk+1,7r)=k-c(k,r)+clkr—1), (2.46)

which allows them to be computed inductively, without explicitly listing all permutations. These
numbers form a triangle similar to Pascal’s triangle and are tabulated up to k = 10 in the Appendix.
Starting with the base case k = 1, where S; = {()}, we find:

c(1,0) =0, c(1,1) =1. (2.47)
Using the recurrence, the next values for k = 2 are:
c(2,0) =0, c(2,1)=1, c(2,2) =1. (2.48)
Exercise 2.4. Compute the values c(k,r) for 1 <r < k when k = 3 and k = 4. Verify that:
k k
Y clk,r) =k, Y el r)x' =x(x4+1)--- (x+k—1). (2.49)
r=1 r=1

The first identity reflects the fact that summing over all permutations with a fixed number of cycles r recovers
the total number of permutations in Sy, while the second gives another combinatorial interpretation of c(k,r)
as the coefficients in the power series of the ‘rising factorial’.

2.2.2 The Action of Permutations on Quantum States

Throughout this course, we work with a d-dimensional Hilbert space % = C“, equipped with the
standard orthonormal basis {|x)}9-}. Our main object of interest is the k-fold tensor product space
HEk = (C4)k, often referred to as the replica space in the many-body literature.

Elements of the symmetric group Sy act naturally on this space by permuting the tensor factors.
Concretely, given a permutation ¢ € Sy, its action on a product basis state is defined as:

RU|X1, X2, ,xk> = |XU(1),XU(2), . ,Xa(k)> . (250)
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Consider an example with k =4 and o = (14 3)(2) € S4. We have
Ry|x1,x2, X3, X4) = | x4, X2, X1, X3) . (2.51)
Equation (2.50) defines a linear (even unitary) operator R, on H®¥. The map
R: Sy — U(H®Y), o~ R, (2.52)

is a so-called group representation of Sy. This means it respects the group structure of S, more specifi-
cally:

Ryz = RxR,, R =1, R,1 = R, RY = R 1. (2.53)

These properties follow directly from the definition in Eq. (2.50). As an explicit verification of the
composition law, let us define ¥; := x,(;) and compute:

RT[RU‘XLXL N ,xk> = Rﬂ‘xo—(l), e ,xg(k)> = ‘fn(l)/ cee 1x7r(k)> (254)
= ’x((?'-ﬂ.')(l)/ ce /x(a-n)(k)> = Rg.n’xl,XQ, e ,xk>. (255)

We leave the verification of the other axioms — such as unitarity and inverse consistency — as an
exercise.

Exercise 2.5. Verify that R defines a unitary representation of the symmetric group Sy, i.e., check Eq. (2.53).
Exercise 2.6. Show that permutations act on tensor products of operators as follows:

Ry(A1®A® - ® Ak)R; = Aa(l) & A0(2) K- Aa(k)- (2.56)
Hint: Apply both sides to a product basis state.
Composite Systems In practice, we often work with multi-qudit systems described by a Hilbert space

of the form H = (C7)®", corresponding to n qudits of local dimension ¢. In this setting, the k-fold
copy of the system is given by the tensor product

((CT)=m)=k, (2.57)

which can be naturally visualized as a k x n grid of qudits (see Fig. 2.1). Each row represents one
replica of the full system, and each column represents the k copies of a single local qudit.

Quantum operations such as global unitaries typically act row-wise, that is, identically and inde-
pendently on each copy. Such operations are of the form

u®k,  where U € U((CT)®"), (2.58)

meaning that the unitary acts in parallel across the k rows.

In contrast, permutations act by permuting the rows, i.e., the k copies of each local qudit. This
operation is performed column-wise, and can be implemented by applying the same permutation
operator to each column in parallel. This leads to a convenient factorized structure: if we reinterpret
the total space via the isomorphism

(C7)*m)=F ~ (€)==, (2.59)
then the permutation operator R acting on the full system decomposes as
R, =r2", (2.60)

where 7, acts on the k-dimensional replica space associated with each local qudit. This “horizon-
tal” factorization is exactly what is depicted in Fig. 2.1 and will be essential in constructing efficient
representations of randomized operations throughout the course.
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.:Cq - ‘

Figure 2.1: The Hilbert space ((C7)%")®k de-

u picted as a k x n grid where every point corre-
(‘ oo o o o ‘) sponds to a copy of CY. Unitaries U € U(q")
act row-wise on the grid, while permutations
7T € S act column-wise.

x k <

\.Q....Q

T

Traces Traces will play a fundamental role for explicit computations. Here, we derive a formula
for the trace of permutation operators and for the trace of a product operator multiplied with a
permutation. Let us first consider the cyclic permutation v = (1,2,..., k). Then, we compute

d—1
tr(Ry) = ) (x1,..., % |Rylx1, ..., xg)

xl,...,kaO

= Y (xn XX, X X) Z 811120005 + + - Oy 11 Onp iy = d- (2.61)

X100 Xk

Next, consider an arbitrary permutation ¢. Then, we can find a permutation 7t such that ro—! =

(1,...,b1)(b1+1,b1+2,...,bp) - - (by_1+1,b,_1+2,...,b,) where r = #0 is the number of cycles in
o (recall that the cycle structures of ¢ and 7o~ ! have to necessarily match, cf. Ex. 2.3). But R, 1
is simply a tensor product of cyclic permutations on H®b1, ..., H&2=b) - H@(br=b1) and thus

.
tr(Re) = 1R 1) = [[d = d" = d". (2.62)
i=1

Beyond this simple situation, we often need to compute the trace of product operators multiplied

with a permutation operator, i.e. an expression of the form tr(A; ® A, ® - - - ® AxR,). Here, we can
follow the same arguments as above: First, if c = ¢y = (1,..., k) is the cyclic permutation, then

tr(A1®A2®---®AkR7) = Z (xl,...,xk|A1®A2®---®Ak|x2,x3,...,xk,x1> (2.63)

X1yeeesX)

= 2 (Al)xerZ (AZ)XZ/X3 T (Ak)xk/X1 = tr(A1A2 T Ak)' (2.64)

X100/ Xk

Next, for an arbitrary ¢ = (ay,...,a;)(aj,11,...,4;) ... (aj, ,41,...,a;), find again a permutation 7t
that ‘orders the cycles’ as torr ! = (1,...,b1) (b1 +1,b1 +2,...,b2) -+~ (by_1 +1,b,_1 +2,...,b,) and
then use Ex. 2.6 to conclude that

tr(A1 ® A ® - @ AkRy) = tr(An(l) D An(k)Rm”rl) (2.65)
=tr(Agay Anw)) t(Are, 1) Ar,)) (2.66)
=tr(Ag - A“h) . -tr(Aajr_ﬁlH - Agy). (2.67)
For the important case when A} = Ay = - - - = Ay, the final result is simplified to
(A% Rs) = [T t(A), (2.68)
ceA(o)

where A(0) is the cycle structure of the permutation o.
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Symmetric subspace Throughout this course, symmetries under permutations will be a fundamen-
tal role, in particular the subspace of (C?)®* composed of vectors that are left invariant by permuta-

tions: 7
Sym, , = Sym((C")®¥) := {y € (C)** | R,[p) = |y) Vo € S} . (2.69)

We will now show that the projector onto Sym, , is
Poympa = 4 Z R, . (2.70)
oES

To see this, we first check that Psyp k4 is an orthogonal projector:

P Szym,k,d Z Ron . = Z Z Rt = Psympd, (2.71)
) 0, 7€S; aeSk k! TES

PSymkd_ k! Z Ryt = Z RH—PSymkd/ (2.72)
oES, k! TESK

where we substituted variables as T = o7 and m = 07!, respectively, and used that the sum is

invariant under the change of variables. Next, note that for all p € Sym, ;:
1
PSymkd|lP> k' 2 0|7~P P Zhb (2~73)
oES ‘ oESy
thus, Sym, ; is in the range of Psym 4. Moreover, if Psym ra|$p) = [¢), then
R7T|1/J> = ﬂPSyrnkde Z R7w|¢ 2 RT|¢ PSym,k,d|lpb> = |7~P>/ (2‘74)
' oESy ' TESK

and thus the range of Psyn k4 is exactly Sym, ;. We can now compute the dimension of the symmetric
subspace using Eq. (2.62) and Ex. 2.4 as

i . _dd+1)---(d+k-1) d+k—1
dlmSymkd —trPSymkd k' Z " = k| ZC o k! - k ‘

oEeSy

(2.75)

Graphical representation While the above methodologies are generic and straightforward, the al-
gebra is often cumbersome. For this reason, it is useful to introduce a graphical notation to represent
permutation. Similar to the Feynman diagrammatics for perturbative expansions, this is simply a
bookkeeping of the operation previously described.

We denote permutations as lines connecting the list {1,2, ..., k} to the output {c(1),0(2),...,0(k)}.
For example, given T = (12)(35)(4) a 5 elements permutation, we can represent it as

(12)(35)(4) = 3 (2.76)
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This notation is particularly useful, since it makes computing products particularly easy. For exam-
ple, the product of T with o = (123)(4)(5), we simply need to follow the lines after connecting them,
specifically

1 1

>~

VAN

Since the group structure is the same for the representations of Sy, we can use the same notation
also for the operators {R,: o € Si}. For representations, the diagrammatic notation allows also to
include traces and product by operators: Traces require to add a curve that connect initial and final

endpoints. For example:
tr(Ry) = % = (O = a0, (2.78)

Similarly, for operators we have

B
,\]
I

=~ (235)(1)(4) (2.77)

[O2 B S B
O = W N

N = tr(A3)tr(A)? (2.79)

BN
%4

=2

N

=)

>

N

|

m e f] >
[PZ 4

b
4

2.3 Weingarten calculus

As noted in Section 2.1, Mi(A) lies in the unitary commmutant and can thus be written as a linear
combination

Mi(A) = Y cx(A)Ry, (2.80)

TTESK

for some coefficients c¢;(A). A natural question to ask is whether these coefficients are unique,
i.e. whether permutations form a basis for the commutant. Intriguingly, this is the case if the di-
mension d is large enough:

Lemma 2.2. The set {R, | o € S} is linearly independent for d > k .

Proof. We consider the standard basis of C“, which we here denote as [1), ..., |d). Since k < d, we can
consider the action of permutations on |[1,...,k) € (C%)®k:

R(m)|1,..., k) =|m(1),..., (k). (2.81)

Now, if R(7r) and R(c) would be linearly dependent (7t # ), than so would be the states |77(1), ..., 7 (k))
and |o(1),...,0(k)). However, these are distinct elements from a basis, thus we arrive at a contradic-
tion. O
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We note that the condition d > k is indeed sharp — as soon as d < k, the permutations become
linearly dependent, cf. Exercise 2.8. In the following, we will always assume that d > k, sometimes
called the stable regime in the literature.

Let us proceed by deriving a formula for the expansion coefficicients in Eq. (2.80). Note that
taking the trace inner product of My(A) with a fixed permutation R}, yields

tr(RIM(A)) = / tr(RIUCFAUSF Y dU = / tr(USM RIUPKA)dU = tr(REA). (2.82)

However, we also have

tr(RYA) = tr(RIMe(A)) = Y cx(A) tr(RERz) =t Y cx(A)Gor, (2.83)

TESK TESK

where we defined the Gram matrix
G = tr(RLR,) = tr(RtRy) = tr(R,1,) = d*7 19, (2.84)

Here, we used that R is a representation to combine the product of permutation operators, and the
trace formula (2.62). Setting a, := tr(R}A), we can write the above equation in matrix form as
a = Gc, which we could hope to invert to get an expression for the coefficient vector c. Note that
the permutations are not orthogonal with respect to the trace inner product (A|B) = tr(A'B), and
hence the Gram matrix is not simply diagonal. However, we know that the permutations span the
commutant and that My (A) lies in the commutant. Hence, the equation a4 = Gc always has a solution
and it is unique if and only if the permutations form a basis, i.e. iff d > k, which is what we agreed to
assume for the remainder of this course.! Then, this solution is simply ¢ = G~'a, or put differently,

Mi(A) = Y Wotr(REA)R,, (2.85)

7T,0 €Sy

where we defined W := G 1, the so-called Weingarten matrix. Knowing the Weingarten matrix allows
us to compute integrals of the form (2.10) using the Weingarten expansion (2.85).

Let us consider k = 2. Then we only have two permutations: the identity 1 and the
flip/swap F = (21). There is only one non-trivial matrix element, namely Gy p = tr(FF) =
d. Hence, the Gram and Weingarten matrices are

(1 dt 1 1 —d!
G=d <d_1 1) W=o—l_421 1 |- (2.86)

General properties of the Gram and Weingarten matrix. The Gram and Weingarten matrix have
a substantial structure which directly relates to the representation theory of the symmetric group.
We will not dive into these details in this course, but instead prove some concrete relations. We
summarize them in the following.

Lemma 2.3. The Gram and Weingarten matrix fulfill the following properties.
(a) Gro and Wy, only depend on lo.
(b) The row and column sums of G are constant:

Gri =Y Gro=Y Gro= W —dd+1)--d+k—1). (2.87)

11t is however not terribly complicated to make this work for d < k, see Sec. 2.7.
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(c) The row and column sums of W are constant:

_ B N C e 01
;wm_;wﬂ,g_gk,d RCE eV (2.88)

Proof. (a) Clearly, G, depends only on 7t~ !¢ by definition (cf. Eq. (2.84)). Now note that this implies
that G is invariant under simultaneous row and column permutations. Indeed, if T; is the permu-
tation matrix acting as Tr|e;) = |err), then (T;'GTr)gx = Grornr = Gor. Inverting G = T;1GT:
yields W = T IWT, and thus Wr e = Wer o for all 7, in particular Wy, = Wig -1, for T = 1. For
(b), we compute

d+k—1>:(d+k—1)! 2.59)

gk,d = ;tr(Rﬂflo) = ;tr(RU) = k! tr<PSym,k,d) = k'< k (d - 1)!

Here, we used that the multiplication by 777! can be absorbed into the sum (variable change), and
the definition of the projector onto the symmetric subspace, Psym.qd = & Ty Ro, and the value of its
trace, cf. Egs. (2.70) and (2.75). For (c), we note that the definition of W as inverse of G implies

Y WonGryr = 6oy = 1=Y WorGrr=0Gra) Wonr = Y Wor =G (290)
7T 7T, T 7T 7T

O

The probability of obtaining the computational basis state x on U|0) is p(x|U) =
|{(x |U|0)|?>. A measure of flatness of this distribution is the collision probability:

Zu =Y p(x|u)? = | (x [U0)[*. @91)

Here, we are interested on how flat this distribution is on average, over Haar-random
unitaries U. Due to the invariance of the Haar measure, we can simply absorb the X gates
that prepare |x) = X" ® - - - ® X**|0) =: X(x)|0) into the average:

Z::/Zudu:;/LI\(O\X(x)UIOH‘*dU:d/u](O]u\0>\4du. (2.92)

To compute the integral, we use second-order Weingarten calculus:

7= d/ £r(]0) (0[22U2|0) (0| *2U=2H)dUl (2.93)
u
=d Y Wretr(RF|0)(0]%?) tr(Rx[0)(0]%?) (2.94)
T,0€S,
=d ) Wre (2.95)
T,0€S,
— |
= 246G, ; =2d (& =W 2 (2.96)

@+1)! d+1

Here, we used Lem. 2.3. Note that we haven’t actually used the exact form of the Wein-

garten matrix from Ex. 2.7. In fact, along the same lines we find that the average of
Y p(x[U)kis "

- kqu = kldg} = — 270 7

I ;/p(x\ll) AU = KAGe) = oy 2.97)
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Figure 2.2: Caricature showing a “series expansion” of the Haar measure on the full unitary group
(here depicted by a sphere) into finite subsets that agree with the k-th Haar moment. Taken from
Kueng and Gross [1].

2.4 Approximating the Haar measure: Unitary designs

In this chapter, we have seen how Haar integrals over the unitary group can be computed using
Weingarten calculus. These tools will help us to design randomized protocols and algorithms for
applications, and we will see an example for that already in the next chapter. In practice, Haar-
random unitaries are however way too expensive to be useful: On a system with n qudits, a quantum
circuit implementing a Haar-random unitary requires a circuit depth that is exponential in n. This
means that any quantum algorithm that utilizes Haar-random unitaries necessarily has exponential
runtime.

In this section, we thus briefly discuss a concept introduced to lower the requirements for quan-
tum randomness: unitary k-designs. These are sets of unitaries that mimic the Haar measure up to the
k-th moment and can thus be used as a replacement in applications that rely on finite moments only.
Importantly, unitary designs may be constructed using significantly less resources than Haar-random
unitaries, in particular using polynomial-sized circuits.

Formally, we define a unitary design as follows. Let G C U(d) be a (finite) set of unitaries (we can
extend this to infinite sets equipped with a suitable probability measure). Then, we call G a unitary
k-design if

1 Y USFAUSH = Mi(A), (2.98)

9 ueg
for all matrices A. We call the largest k for which Eq. (2.98) holds the order of the unitary design.
Unitary designs can be seen as a set of points in the unitary group that are “sufficiently equally
distributed” to reproduce the first moments of the Haar measure, cf. Fig. 2.2.

Note that the left hand side of Eq. (2.98) can be seen as the k-fold twirl over the set G. This
means that averages over the set G can be computed using averages over the full unitary group
— for instance using Weingarten calculus. Vice versa, in applications that only depend on k-fold
twirls, Haar-random unitaries can be replaced by unitary k-designs, thereby enabling more resource-
efficient and flexible implementations.

One might hope that one could find sufficiently symmetric subgroups of U(d) that gives natural
candidates for unitary designs. However, it turns out that Eq. (2.98) together with the group structure
imposes very strict conditions on such a subgroup, resulting in the fact these do no exist for k > 4
(and d > 5). Despite this, the most important example of a unitary design (with k = 3) is in fact a
group, the Clifford group, which we will introduce in the next section.

Nevertheless, unitary k-designs exist for all k and dimensions d. Unfortunately, explicit construc-
tions of general unitary k-designs are incredibly rare and the known ones are highly inefficient. To
overcome these obstacles, it has been fruitful to demand that Eq. (2.98) holds only approximately
— such approximate unitary designs can be realized much more easily and enable the efficient imple-
mentation of quantum randomness also for higher moments k. We will come back to this point in
Ch. 4.
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2.5 The Clifford group

The prototypical example of a unitary design is the Clifford group. Besides designs, the Clifford group
plays a major role in quantum error correction, where it typically constitutes the set of “easy” gates in
fault-tolerant quantum computing. Clifford operations can also be efficiently simulated on a classical
computer, making them the starting point for classical simulation algorithms and investigations of
the “non-classicality” of quantum mechanics.

The simplest way to define the Clifford group is via its local generators: The single-qubit phase
gate S and Hadamard gate H, as well as the two-qubit CNOT gate CX, given by

1
V2

where y @ x denotes addition modulo 2. The group that is generated by S and H on every qubit and
CX on every pair of qubits is the n-qubit Clifford group Cl,. It is a finite subgroup of U(2") with 20(r%)
elements. Importantly, every Clifford unitary can be implemented using O(n?) generators S, H, and
CX.

An important subgroup of the Clifford group is the Pauli group. Recall the Pauli operators

01 0 —i 1 0
(01, =), (1), ew

which we complement with the identity 1. Then, the multi-qubit Pauli operators on H = (C?)®" are
simply given by all possible tensor products of the single-qubit Pauli operators, in formula:

Slx) = i*]x) Hlx) = —= (10} + (~1)*]1)) CXlxy) = [xy@x), (299

c=n®---®o,, o0e{l,XY,Z}. (2.101)
The n-qubit Pauli operators form a group up to phases, the so-called n-qubit Pauli group:
P,:={i'lri® @0, |t€Zy 0;€{1,X,Y,Z}}. (2.102)

To see that P, forms a subgroup of Cl,, note that Z = S2. HZH = X, and Y = iXZ. Tt turns out
that we can characterize the Clifford group uniquely through the Pauli group: Clifford unitaries are
exactly those unitaries that conjugate Paulis into Paulis, up to a phase.? In formula, we thus have

Cl,.U(1) = {U e U(2") | uP,U* =P,}. (2.103)

Note that we had to add arbitrary global phases (U(1)) to Cl,, as these are present on the right hand
side as well.

The qudit case. The definition of the Clifford group can be readily extended to higher-dimensional
qudits of dimension g. We will here focus on the case that g > 2 is prime, as this will matter for the
design properties of the Clifford group.

We start by generalizing the generators of the qubit Clifford group. To this end, let w, := ¢?™/4
be a primitive g-th root of unity, and let 27! be the inverse of 2 modulo 4. Define

]. l]*l X -1 —
H,|x) = 7 Y Wi y) Slx) = wp V) CX,|x,y) == |x,y@x), (2.104)
y=0

where y @ x denotes addition modulo g. Then, we again define the n-qudit Clifford group Cl,(q) to
be the group generated by H,, S; on every qudit and CXj on every pair of qudits. This is again a

finite subgroup of U(q") of order 0",

%In group-theoretic terms, the Pauli group is a normal subgroup of the Clifford group, and the Clifford group is the
normalizer of the Pauli group within the unitary group.
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Equivalently, we can define Cl,(g) in terms of a qudit version of Pauli operators, defined by
Zy|x) = w?lx), X,lx) =[x @ 1), Y, = w? XiZ}. (2.105)
The qudit Pauli group is then given as
Pu(q) = {wloy' @ @0f | t; € Zy, 07 € {Xg, Yy, Zg}} (2.106)

As in the qubit case, qudit Clifford unitaries map qudit Paulis to qudit Paulis, up to a phase.

The Clifford group as a design. Finally, we have the following result on the design properties of
the Clifford group.

Theorem 2.3. Let q be prime. Then, the Clifford group Cl,,(q) is a unitary 2-design but not a 3-design if q is
odd, and a unitary 3-design but not a 4-design if g = 2.

We will not prove this theorem here. It is not particularly difficult (see e.g. Ref. [2, Sec. 12.2] for a
summary), but it requires a slightly deeper analysis of the structure of the Clifford group which shall
not be the focus of this course.

2.6 Exercises

Exercise 2.7. Using Weingarten calculus, compute the operator S := d [ (U|0)(0|U")®2dU.

Exercise 2.8. Show that permutations become linearly dependent as soon as k > d.
Hint: Consider the antisymmetric subspace Alty; C (C?)®K which is the joint —1 eigenspace of all transpo-
sitions R((if)) for (ij) € Sk. The projector onto Alty 4 has the general form

1
Paikd = 7 ) sgn(m)R (7). (2.107)

tmeSy

Consider the action of Pay 4 on an orthonormal basis |x1, . .., x;) of (C?)®K for k > d. What does the result
imply for Pay i 4 and the set of permutation operators?

2.7 Further reading

Weingarten calculus is related to Wick calculus for Gaussian integrals, which was found in the 50s by
physicists in the context of quantum field theories (and decades earlier by the mathematician Isserli).
The first to study the analogous calculus for Haar integrals was probably Weingarten [3] in the late
70s. Driven by the increasing interest in random matrix theory, Collins [4] then systematically de-
veloped the calculus in the early 2000s and named it after Weingarten. Collins’s works contain deep
insights on the properties and combinatorics of the Weingarten function and related objects, based
on group and representation theory. An introduction by him and others can be found in Ref. [5].

We note that Weingarten calculus also works for d < k (“instable regime”) with the caveat that
a = Gc no longer has a unique solution. A somewhat convenient solution is given by replacing the
inverse with the pseudo-inverse W = G™.

The concept of unitary designs were introduced by Dankert, Cleve, Emerson, and Livine [6] and
its mathematical foundation was subsequently refined by Gross, Audenaert, and Eisert [7]. The name
‘unitary design’ is adapted from the analogous concept over the sphere, so-called spherical designs.
The fact that the Clifford group is a unitary 2-design even predates the invention of this concept [8, 9].
Later, it was shown that the multi-qubit Clifford group is a unitary 3-design but not a 4-design, and
that in higher local dimensions, the barrier is already at k = 2 [10, 11]. An answer to the puzzling
question why essentially the only sensible example for a unitary design is the Clifford group was
given by Bannai, Navarro, Rizo, and Tiep [12], who classified the unitary designs given by groups
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relying heavily on an earlier classification by Guralnick and Tiep [13]. These results imply that the
Clifford groups are the only unitary designs given by groups on multi-qudit systems. In particular,
we cannot find higher-order designs with group properties.

Most of the early work was focused on unitary 2-designs where the corresponding integrals can
be computed directly with Schur’s lemma instead of Weingarten calculus. Nevertheless, the ideas
of Weingarten calculus have also proven useful for second moments (cf. Sec. 5.1). Higher-order cal-
culations can seldom be performed without Weingarten calculus and thus it has become a central
tool in analyzing random unitaries in quantum information and many-body physics. A pedagogical
introduction to Haar integration, Weingarten calculus, and unitary designs from this perspective is
given by Mele [14].



CHAPTER 3

MEASURING PROPERTIES OF MANY-BODY STATES USING CLASSICAL SHADOWS

Quantum experiments are getting better and better in coherently manipulating many-body quantum
systems. We can use this to study interesting many-body phenomena by preparing exotic and weird
quantum states. In quantum computers, a high level of control is necessary to manipulate quantum
information and perform quantum computations.

However, even with perfect quantum control, we are left with the problem of extracting infor-
mation from the prepared quantum states. An example for this would be the expectation value of
a given Hamiltonian, because we are trying to find its ground state through a variational quantum
algorithm. We could also be interested in more complicated properties, such as the entanglement of
the state across some bipartition to verify or reject area laws.

In this chapter, we consider the problem of experimentally estimating an expectation value of the
form tr(Op), where p is the quantum state that is experimentally accessible and O is the observable
of interest. Importantly, we do not assume that O can be measured directly. In the following, we
will show that for some interesting classes of observables this problem can be solved using classical
shadows. The main idea is to randomize measurement bases using a suitable ensemble of random
unitaries, resulting in a partial classical representation of the quantum state (the “shadow”). The
shadow can then be used be a classical computer to predict expectation values. Intriguingly, the
same classical shadow can be used to predict expectation values of many observables at once, at a
moderate (logarithmic) overhead in the size of the shadow (i.e. the number of measurements).

We will first review some basics on quantum measurements and the (partial) reconstruction of
quantum states from measurement data. Afterwards, we introduce the idea of classical shadows and
treat most common instances of the protocol based on Clifford unitaries. We will also hint briefly at
other usecases discussed in the literature.

3.1 Reconstructing quantum states from measurements

Suppose we have access to many copies of a quantum state p and we want to obtain a classical de-
scription of p from measurement statistics, e.g., in the form of a density matrix. This reconstruction
task is also called quantum state tomography. The central question is how should we choose our mea-
surements such that this reconstruction succeeds (for any state), and how many measurement do we
need in total?

Let us consider quantum measurements in a basis |¢1),...,|¢@,) of the Hilbert space H. The
probability distribution over outcomes of this measurement follows Born’s rule:

Born’s rule: p(ilp) := (¢i|p| i) = tr(Eip) where E;:= |¢;)(¢il. (3.1)

Clearly, measuring in a basis cannot be enough for state reconstruction because we can only assess
the diagonal elements of p in the chosen basis. Hence, we are insensitive to any coherence in the
basis: For instance, we cannot distinguish between any two states of the form |0) + ¢*|1) by looking
at the diagonal elements of their density matrices only.

However, it turns out that if we combine measurements in sufficiently many bases, state recon-
struction is possible and we will explicitly describe such a reconstruction algorithm in a moment.
Before, we introduce some new notation that will simplify both the following computations as well
as those in the upcoming chapters.

Operator bra-ket notation. Recall that the vector space L(#) of linear operators on H is equipped
with the trace inner product:

(A|B) := tr(A'B). (3.2)

24
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With this notation, we can now express Born probabilities as

p(ilo) = (Eilp), (3.3)

with the interpretation of projecting the state p onto the pure state E; = |¢;)(¢;|. Furthermore,
analogous to the ordinary bra-ket notation based on the inner product (- |-) on H, we now introduce
operator bra-ket notation by defining operator kets and operator bras as

IB) := B, (A|: B=|B) s (A|B). (3.4)

Note that operator bras (A| are linear forms on L(#) (dual vectors), just as ordinary bras (| are
dual vectors on H. Again similar to the ordinary bra-ket notation, we introduce operator bra-kets as
the outer products

|A)(B]: C=|C)+— |A)(B|C), (3.5

As we will see in a moment, this gives us a convenient way to write down linear maps on operators,
similar to expressions of the form A = }; ; A;;|i)(j| for the ordinary bra-ket notation. For instance,
the Weingarten expansion (2.85) attains the following appealing form in this notation:

Y WrolRr)(Ro|, (3.6)

T,0ESK

Following the quantum information language, we will refer to linear maps on operators, such as (3.5),
as superoperators (as these are “operators on operators”). An important example of superoperators are
quantum channels.

Reconstruction via linear inversion. Equipped with the new notation, let us come back to the
reconstruction of quantum states from measurements. Consider the following superoperator:

d
S:=) |E)(Ei. (3.7)
i=1

We call S the frame (super)operator associated to the basis (¢;);c(s)- In the classical shadows literature

S is also called the measurement channel. Note that we have S(p) = Y9, p(i|o)E; for any state p
and in this sense, the inability of reconstructing a state from a basis measurement is encoded in the
non-injectivity of S.

However, it turns out that if we combine measurements in sufficiently many bases, we can per-
form successful state reconstruction. Suppose we are given bases (¢;;);c(q for j = 1,...,m and we
perform measurements in any of those. The frame operator of this combined measurement strategy
is a convex combination of the single frame operators:

1 1 2 d
*ZSJ %ZEUS Eijl. (3.8)
i=1

j=1li=1

§

Suppose that this combined frame operator S is invertible, which is —as it turns out- necessary for
reconstruction (cf. Ex. 3.1). Then, we can do the simply manipulation

B 1 d 1 d
p=5"5(p %Z%le YEij) (Eijlo) = EZ;%PZHP ijs (3.9)
j=1i= j=1i=

where p(i,jlp) = (E;;|p) are again the Born probabilities and E;; := S~!(E; ;) are the dual measure-
ment elements. This gives as a simply recipe to reconstruct the state p from the Born probabilities
p(i, j|p) obtained through measurements, which is typically called linear inversion tomography.

As it is generally the case for quantum state tomography, we need a lot of copies of p, i.e. mea-
surements, to approximate p through the formula (3.9), namely at least dr?¢~2 many, where d is the
Hilbert space dimension, r = rank(p), and ¢ is the desired precision in trace distance. This means
that the measurement effort of quantum state tomography scales exponentially with the number of
qudits in the system and is thus limited to small systems only.
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Exercise 3.1 (Informationally complete measurements). In general, state reconstruction can only be suc-
cessful if the Born probabilities differ for any two states p # p'. If this is the case, we call the measurement
informationally complete (IC).

(a) Show that measurements in several bases is informationally complete if and only any operator X € C4*4
can be written as a linear combination of the E; j, this is X = }; : x; E; ; (i.e. the E; ; span the space of
operators). Hint: Consider the linear map V(x) := Y; ; x; jE; ; from C**™ to L(H) and its adjoint V*
(bra-ket notation might be useful).

(b) Show that measurements in several bases is informationally complete if and only if the frame operator
(3.7) is invertible. Hint: Show that S = %VV‘L where V' is the map from (b).

Exercise 3.2. For those interested in quantum information: Show that the frame operator (3.7) is indeed a
quantum channel by computing its Choi matrix.

3.2 Shadow estimation with randomized measurements

In the previous section, we have seen that quantum state tomography can be realized based on simple
linear inversion, but it requires exponentially many measurements rendering it very inefficient. But
what if we are not interested in reconstructing the full state p, but only some of its features? Concretely,
let us say that we want to reconstruct M linear functions of p, which we can write as (Os|p) (s =
1,...,M). We call this task shadow tomography as we do not observe the full state, but only some of
features, similar to the shadow of an object that is illuminated from a certain direction, cf. Fig. 3.1.
Can shadow tomography be done more efficiently than performing full quantum state tomography?

The answer is yes, but it depends, namely on the allowed measurement strategy (can we access
only single copies of p, or some of them at once) and also on the observables O;. In the following, we
will focus on single-copy measurements and show how randomized measurements can be used to
estimate some classes of expectation values very efficiently.

Figure 3.1: Shadow tomography is the task
of determining only some of the features of a
quantum state without performing full quan-
tum state tomography. We do this by con-
sidering only few measurements of the state
akin to the shadows of an object under few
illumination angles as shown in this cartoon.
Figure taken from the popular summary of
Ref. [15].

We thus study measurements in random rotations of the computational basis, i.e. measurements
are performed in the bases

U x):=U'x),  Eux:=[Ux)(Ux|=Ux)(xlU, xeld, (3.10)

where the unitary U is sampled uniformly at random from a finite set G C U(d) (here the adjoint
comes from using the Heisenberg picture). The frame operator is then a probabilistic mixture of the
frame operators in the rotated bases (3.10):

|g| Y. ZIEuX (Euxl - (3.11)

ueg x=

The underlying observation is that we can use the linear inversion trick (3.9) to obtain the following
identity for expectation values:

d d
(Olp) = (O]57'S]p) = Z Z (OIS Eux)(Euxlp) = ) 3 (OlEux)p(x|U, p)p(U), (312)

Ueg x=1
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where we set p(x|U,p) = (Eux|p) and p(U) = 1/|G|. We chose the later notation to highlight
that we are sampling pairs (U, x) according to the joint distribution p(x|U, p)p(U). This suggests to
estimate the expectation value (O|p) using the following protocol.

Protocol 3.1: Shadow estimation

Repeat the following steps N times:
(i) Sample a unitary U uniformly at random from the set G and apply it to p
(ii) Measure in the computational basis resulting in outcome x
(iii) Record the pair (U, x)

Estimate (O] p) using the mean estimator of d;; , := (O|Ey ;) on the N samples.

Equation (3.12) then guarantees that shadow estimation 3.1 converges in expectation to (O|p)
(i.e. 0 is an unbiased estimator). But how fast does this estimator converge, i.e. how many measure-
ments N do we have to perform? As we will see below, this depends a lot on the used ensemble G
and on the observable O (as well as on the state).

To answer the question on sample complexity, as well as other questions on the efficiency and
practicability of the shadow estimation protocol 3.1, we have to analyze it in more depth. As a first
step we will compute the frame operator (3.7) and its inverse, as it is needed in the construction
of the estimator 67, = (O|S™!|Eyy). The frame operator involves two invocations of U and U,
respectively, which we can explicitly see by considering the matrix elements

(A|S|B) = Z|g| Y " (A|Eux)(Eux|B) = Z tr(AT ® BU®?|x) (x|®2U®>") (3.13)

ueg |Q| ueg

Hence, if we take G to be a unitary 2-design, we can replace the average over G in Eq. (3.13) by an
average over the unitary group, computable via Weingarten calculus. In the following, we will see
that this brings S into a very simple form.

3.2.1 C(lifford measurements

Computing the shadow estimator. Let us thus assume that we are randomizing over a unitary
2-design, or equivalently, over Haar-random unitaries, and compute the frame operator by k = 2
Weingarten calculus. To this end, we evaluate the integral (cf. Example 2.8):

(A|S|B) = Z/ tr(AT © BU®2|x) (x|*2U®21) du (3.14)
= Z Y Wretr(REAT @ B) tr(Re|x) (x|¥2) (3.15)
x=1m,0€S,
=d Y Wretr(REA"®B) (3.16)
T,0€S,
EZ 3 Y tr(RTA"® B) (3.17)
0ESy
1

- ( (A" tr(B +tr(A*B)). (3.18)
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In the last step, we used that tr(R15)A" ® B) = tr(A"B) which can be easily verified using the graph-
ical notation (cf. Exercise Sheet 2). Next, we note that

0111 (tr(a*) te(B) + tr(4'B)) = dil((AUl)(]l]B) +(Alid|B)) (3.19)
= - (aA|DIB) + (Alid|B)), (.20

where D = 1|1)(1] is the completely depolarizing channel, acting as D(X) = tr(X)1/d. Hence, we

have shown that .

BEESL
is a convex combination of the completely depolarizing channel and the identity, and thus a depolar-
izing channel of strength d/(d + 1). Moreover, as both channels are trace-preserving (TP), so is S. It
is then staightforward to invert S:

S dD+id) =D, , (3.21)

d+1

tr(X)1 + X

Y=5(X)=—537

X=@d+1)Y—-tr(Y)1T = S '=(d+1)id-dD, (3.22)

where we used that S is TP and thus tr X = tr S(X) = trY.
Using the explicit form of S~!, we can write the shadow estimator 6 as follows

oux = (0O|S ' Eyy) = (d+1)(O|Eyy) — tr(O) = (d + 1) tr(OU" |x) (x|U) — tr(O). (3.23)

Thus, the evaluation of 0y, requires us to classically compute the expectation value of O in the
rotated basis states U'|x). We will comment on the efficiency of this computation later.

Number of measurements. A central question remains: How efficient is shadow estimation in terms of
the required number of measurements (sample complexity)? This requires us to bound the convergence
of the mean estimator associated to 0 for which we will use Chebyshev’s inequality.

Lemma 3.1 (Chebyshev’s inequality). Let X be a random variable and € > 0. Then, we have

Var|[X]

Pr|X ~E[X]| > ¢] < =

(3.24)

In particular, if X, ..., Xy are independent and identically distributed (iid) random variables with mean p
and variance o2, and X := % Zf\il X;, then

2

- s
Pr[|X—y\>£]§W.

(3.25)

Chebyshev’s inequality implies that we need N > ¢ 26! Var[6] many samples to get an -
approximate estimate of tr(Op) with probability at least 1 — . Hence, we need the variance of 6
to be sufficiently small to get a decent bound on the sample complexity.

Before we compute Var[d], we note that

Var[6] = E[(6 — E[0])?]. (3.26)
but 6 — E[4] only depends on the traceless part of O, i.e. Oy = O — tr(O)1/d, since

6ux —E[6] = (d+1) tr(OU" |x) (x|U) — tr(0) — tr(Op) (327)
— (d+1) tr(OpU|x) (x|U) — tr(Opp) + tr(O) (‘i;l - ;)

= (d 4 1) tr(OU™|x) (x|U) — tr(Opp) . (3.29)

(3.28)
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Thus, we can use the traceless observable Oy instead of O in the future computations. Next, we use
Var[0] = E[6%] — E[6]? and focus on the computation of E[6?].
Using the explicit form (3.23) of 6, we then compute

UZGJQXZ (Oo|Euqx)*p(x|U, p)p(U) (3.30)
=g L;gxil Oo|Eux)*(Eux|p) (3.31)
d,j;ﬁ L;gil 052 @ plEfS) (3.32)
= (d,al) U;Qxiltr (052 @ p U™} (x|PU™>") . (3.33)

To compute the latter twirl, we now assume that G is a unitary 3-design such that we can apply
Weingarten calculus. We then find, analogous to the computation of the frame operator (cf. Lem. 2.3):

d
E[65] = (d+1)*)_ Y Wretr (05> ® pRy) tr(RE|x) (x|%%) (3.34)
x= 171(7653
=d(d+1)? ®pRr) (3.35)
7'[683
a1,
=112 <+ [0} + [0} + + o} + ) (3.36)
]
Zi; (tr(OF) +2tr(Ofp)) , (3.37)

where we used that Oy is traceless and thus the first, third, and fourth term in Eq. (3.36) vanishes. We
thus get the following bound on the variance for a unitary 3-design:

d+1
d+2

d+1

Var[d] < E[63] = < T3

(er(05) +2tr(0fp)) < 5= (lOoll3 +2[[C0llz) <3[1003. (3.38)
Here, || X3 = (X|X) = tr(X"X) is the Hilbert-Schmidt norm and || X[« = sup, || X|¢)|| is the spectral

or operator norm. In the last step, we used Holder’s inequality, tr(O30) < ||Ool|3 trp, as well as the
general inequality || X/ < || X]|2.

Discussion of shadow estimation with Clifford unitaries. In the previous derivations we assumed
that G forms a unitary 3-design and for concreteness we will take G = Cl,, to be the n-qubit Clifford
group.! Based on the variance (3.38), we can see that shadow estimation with Clifford unitaries is
sample-efficient for observables O with bounded Hilbert-Schmidt norm, ||Opll2 < ||O]|2 < const.
(in the sense that the number of measurements N does only depend on the precision, not on the
number of qubits). The most important example of such observables are quantum states for which
o2 = /tr(c?) < 1. The associated expectation values then have the form tr(pc) = (p|c) and can
be interpreted as overlaps between the states. Moreover, if o = |¢) (|, then tr(po) = (¢ |p|¢p) = F(p,0)
coincides with the usual definition of fidelity between two quantum states (for mixed states, the
formula is a bit more complicated). Hence, we can use shadow estimation with Clifford unitaries to
efficiently perform fidelity estimation with pure target states.

While shadow estimation is sample-efficient, the classical post-processing of the measurement data
requires the evaluation of 0y, using Eq. (3.23). This typically involves the classical simulation of the

ISee Sec. 3.3 for the qudit case.
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unitary evolution of |x) under U. For the considered Clifford unitaries, it turns out that U'|x) can be
efficiently computed on a classical computer (in time O(n?)) and has an efficient classical description
(O(n?) bits) that can be stored (Gottesman-Knill theoren).

However, the evaluation of 6y, also involves taking the inner product with O which is, in general,
inefficient, i.e. we have to expect that this scales exponentially with the number of qubits 7 if O does
not possess a special structure that we can exploit.

But how does this compare to other methods of fidelity estimation? The direct fidelity estimation
protocol achieves the same task, but requires a number of measurements that depend on the target
state |¢) and typically scale exponentially in the number of qubits 7, while the demands on the clas-
sical computer are negligible. In this sense, shadows move the complexity of fidelity estimation from
measurements to the classical post-processing, which may be advantageous in near-term devices
where taking measurements is more costly than running computations on a powerful computer. For
a detailed comparison of fidelity estimation based on classical shadows and direct fidelity estimation,
see also Leone, Oliviero, and Hamma [16].

Classical post-processing with Clifford unitaries for stabilizer state fidelity estimation Fidelity
estimation is sample efficient, but the classical post-processing requires the evaluation of

Ouy = (d+1){p|U"|x) > — 1. (339)

This is efficiently implementable with Clifford gates.

First, we note that all the states |x) in the computational basis are +1 eigenstates of N independent
and commuting observables (—1)%Z; where Z; = [®"1 ® Z ® [*"~, namely (—1)%Z;|x) = |x).
Recall by definition the Clifford group maps individual Pauli strings into individual Pauli strings.
This means that |p) = U|x) for some |x) in the computational basis and U € Cly Clifford unitary
fulfills

[9) = Ulx) = U(-1)5Zx) = U(-1)"ZUtUlx) = Zily). (3.40)

Thus, the state |ip) also is the +1 eigenstate of new N independent and commuting Pauli strings
Z; = U(-1)%Z;Uut. State fulfilling this property are denoted stabilizer states and their associated
Z; the stabilizers. An equivalent characterization is that stabilizer states are given by the action of
a random Clifford unitary on a computational basis state. The knowledge of these Pauli strings is
sufficient to fix the knowledge of the state. Indeed, as a density matrix

N [+ 7; 1
\¢><¢|=H< J; >:2N Yy P, (3.41)

i=1 PeS(y)

where S(y) = span(zl,..N.,ZN) is the so-called stabilizer group of |i). (It is easy to see that
ZZZ]’l/J> = ‘l/)> and that [Zi, Z]] =0).
Every Pauli string can be univoquely determined by

P=()?X"ZM") @ (X2ZP) @@ (XW™Zv), (3.42)

where a;,b; € Z; and ¢ € {0,1,2,3}.

Predicting many expectation values at once. We note that the above estimation strategy can also
be extended to estimate several expectation values (O1 |p), ..., (Oum|p) at once. To make this precise,
note that for the simultaneous estimation of all expectation values we have to choose the failure
probability for the i-th mean estimator to be /M such that the joint failure probability is uniformly
bounded by ¢ (union bound). Hence, we need the following number of measurements in total:

N > % l_ :r?axM Var[o;], (mean estimators), (3.43)
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Depending on the size of M, it may be beneficial to replace the mean estimator for each observable
by a so-called median-of-means estimator. The idea behind the median-of-means estimator is that the
data set is decomposed into K equally sized batches of size N’ for any of which an independent
mean estimator 0 l.(] )
formula

(N’) is computed. Finally, we take the median over all these mean estimators, in
6:(N, K) = median {a§1>(N’), . .,a§K>(N’)} . (3.44)

The advantage of this approach is that it is more robust against deviations from the mean. Indeed,
a statistical analysis of the median-of-means estimator shows that the dependency on the failure
probability of estimating all M expectation values is improved from M/é to log(M/¢) at the cost of
larger constants. More precisely, we obtain the following bound on the number of samples
68 2M
N > 2 log <5> max Var[o;], (median-of-means estimators), (3.45)
i=1,...,

with batch size K = 2log(2M/J), to guarantee an e-approximate estimation of all M expectation
values with probability at least 1 — 4.
Finally, we note that for the median-of-means estimator to be beneficial, we need 681log(2M/¢) <

M/ é which is true for M/ > 464.76. Assuming 6 = 0.01 (1% failure probability), we thus obtain
M > 5.

3.2.2 Pauli measurements

In the following, we consider the ensemble given by local Clifford unitaries, these are unitaries of
the form U = U; ® --- ® U, where U; € Cl; are single-qubit Clifford unitaries. We denote this
set by LCl,, := CI"". The effect of local Clifford unitaries is to locally change the basis: Instead of
measuring each qubit in the Z basis, each qubit is measured in either the X, Y, or Z basis, depending
on the Clifford unitary U;. This is why these are also referred to as Pauli measurements. The hope
in this choice of ensemble is that it may be better adjusted to measuring local observables of the form
0=0,® - ®0,® 19" which only act non-trivially on r qubits.

Computing the shadow estimator. Because all of the expressions factorize, we can re-use our com-
putations from Sec. 3.2.1. For instance,

n n
Euyy = (UI@---®UZ)\xl,...,xn)(xl,...,xnl(ul®---®Un)®uﬂxi>(xilui = ®EU,',X," (3.46)
i=1 i=1

Hence, the frame operator becomes

1 n
°= W Z E ®|EU1‘/X{)(EUI',X,'| = Si@n ’ (347)
U uy,.. U,eCly xe {0,117 i=1

where S is the local frame operator for which we can use Eq. (3.21) with d = 2:

Si= 2 Y Y |Eu)(Eusl =

(2D +id). (3.48)
Ly ueCl; xe{0,1}

W[ =
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In particular, S~! = (3id — 2D)®" by Eq. (3.22). For our r-local observable O = O ® -+ ® O, ®
19("=7) we can then use that each factor (3id — 2D) preserves trace such that

oux = (O|S7Euy) (3.49)

T n

=[](0:|3id —2D|Ey,x,) [] (1|Eu,x) (3.50)
i=1 i=r+1
T

- 6i,lll-,xl- (351)
i=1
r

= [T (30} [xi) (x| Uy) — 1r(0y) ) (352)

[uy

Number of measurements. Next, we compute the variance of 0. Because the estimator only de-
pends on the first r qubits we can resum the remaining local terms inside the Born probability using

that ﬁ Yvecl Lye{o1} Viy)(ylv =1

A 1 -
E[6%] = L ) Holu N < Uﬂxi><xi]l1ip) (3.53)
1 UeCl] xe{0,1}" i= i=1
l r R r B
- r Z Z HOIZ,Uj,Xj tr ® uz.l—’xl><xl’ul ® ]]_@(11 l‘)p (354)
|ClL |
W yecr; xe{o,1}r i=1 i—1
1 r
~cnL | Y X Hozu x T < Uﬂxi><xi|uip'> , (3.55)
i=1

UeCl] xe{0,1}" i=

where p' = tr,11,_, p is the reduced state on the first r qubits.

In the following, we concentrate on the case that O = 1 ® - - - ® 0, ® 12(1=7) ig a Pauli operator
supported on r qubits (here 0; € {X,Y,Z}) and refer to Ref. [17] for general r-local observables.
Using the explicit form of the shadow estimator (3.52), we can then compute in analogy to Sec. 3.2.1:

1

113[@2]:m y ¥y H9tr o; U ;) (x| U;)? <®U+|xl x1|Up> (3.56)

UeClf xe{0,1} i= i=1

9
=tr |12 ® 0 ® ( al Z Z (Ll;r\xi><xi]ui)®3ai®2®]ll> (3.57)
|l uecCl; xe{0,1}
3
= {r :[]_;(,82 ® pl ® (4 Z RT[U'Z@Z ® :[]_1) (358)
i=1 TESs

In the last step, we used the previous computation (3.35) (for d = 2). We can now perform the partial
trace over the first two systems based on the previous graphical calculus (3.36):

—To N ‘ J
C%‘f— +++ = tr(c; IL+2(7—411 (3.59)

Here, we used that Pauli operators square to the identity: X? = Y? = Z? = 1. Hence, we obtain the
following variance from Eq. (3.58):

Var[6] < E[6?] = tr [p’ r (311)] =3, (3.60)

i=1
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Discussion of shadow estimation with local Clifford unitaries. Itis worth highlighting that, when
using local Clifford unitaries for shadow estimation, the postprocessing become particularly efficient.
At the same time, the sampling complexity for r = O(1) is constant, meaning that the whole shadow
tomography performance is efficient. In this setting, each measurement outcome corresponds to pro-
jecting onto a local Pauli basis element, and the corresponding classical shadow can be reconstructed
with computational cost scaling only linearly with the system size. Moreover, for observables that
are themselves local (i.e., supported on a constant number of qubits), the postprocessing requires
evaluating simple expectation values over these classical shadows. This makes the overall procedure
highly scalable in practice, since both the sample complexity and the computational overhead remain
independent of the global system size, provided the observables are local.

3.2.3 Beyond linear observables: the purity

Consider the problem of estimating the purity P(p) = tr(p?) of a state p, for instance the reduced
density matrix of a global pure state |¥). How do we estimate this quantity? Consider we have
M snapshot §" = (U)|x) (x(D|U"). Since U are identically, independent, randomly distributed
from an ensemble G, and {x")|r = 1,..., M} are iid. from U p(U"))F, the stochastic objects 5(")
and p) are uncorrelated for r # j. Thus, we can construct an estimator of the system purity by
computing the monte-carlo sampling

pl) -~ tr(gWp)y = < tr(p) (") (3.61)
M(M—1) r;éj,-];ﬂ e M(M~-1) 1<j§<M e

We want to compute the variance of the purity estimator P(¢) for global Clifford estimator. We
have

M\ ? / /
] = 5 50N (58 56)) | — 2
Var [P ( 2) )Py (B (5" (0| = P(p)?)
Let us expand these terms. When s = r and v’ = s, we have
M\ 2 / M\
5N (N2 | = 51 5(2)2
<2> rglE[tr(p "] (2> Eltr(p"p™)7] , (3.62)

where we identified two reference copies via Haar invariance. If all the terms are different, one gets
via statistical independence of the copies and the replica invariance

E[tr(pMp@)tr(p®p™)]] = P ()% (3.63)
Finally, if at least one term | = i or [ = j, then we have using Haar invariance and identically
independent distributed
2( _ZZ Y E[tr(305)r(pV5)] = 2( D _1<N —2)E[tr(5"p)?] . (3.64)
2 2

i<j k#i,j

Putting these terms together, we get the final result

Var [P(")} = <];/I> B Var [tr(ﬁ(l)ﬁ(z))} + <];I> 712(M —2) Var [tr(ﬁ(l)p)] .
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The first term can be written explicitly as

Var [tr(ﬁ(l)p(z))] = u,Ve]El(ZN)l]Ei tr K(QN + 1)u+]b>(b\u _ ]I) ((ZN + 1)V+\d)<d\v B ]I)}Z _ P(P)z

= [ dpn@dn(v) {2 [ 170 UV ) - @Y +2)]
x(0|UpU*|0)(0VpV*(0) } = P(p)?

= 2NN 1) [ dyan (W)dpea (V)0 UVF[0)[4(0 [UpU* 0} (0| VoV 0)
— 2N +2+P(p))?, (3.65)

where in the second line we invoked the 3-design property of Clifford unitaries to replace the sum
with an integral over Haar measure dyp(U). The first term in the last line can then be rewritten as

2N+ 1) [ dpn()0]uptr o) e { () H0) 0122 p) [ (V) (V) PJ0) 012

(3.66)
and now the last integral can be computed using the Weingarten calculus, yielding
_2N(@2N 41)3 + s

= 20 dn(w) 01 upU* [0} (2-+ 400 | UpUr [0)

2NN 41 2 1+P() \ _202V+1)? /g

= TNy <2N +42N(2N+1)> =N > (2 +3+277(p)), (3.67)
thus arriving at

2(2N 4+ 1)? 2
V2| = 222 T2 (N — (2N
var [tr(pMp®)| N (2V+3+2P(p)) - (2¥+2+P(p)) - (3.68)

Following similar steps, the second term in Eq. (3.65) can be written as

Var [tr(ﬁ(l)p)} = W E Eu [((ZN + Ut |p) (b|U — 11) p} L Py

= 2" [dpn(u) (Y + D20 |UpUt|0)? ~2(2Y +1)(0|Upl* |0) +1) (0]UpUI"|0)
2N 41
2N 42
2N 41
2N 42

(1+3P(p) +2tr(p%)) —=2(1+P(p)) +1—P(p)

(143P(p) +2tr(0%)) — (1+P(p))* . (3.69)

Putting everything together, we finally arrive at

Var [P1)] = <A24> B {W (2V+3+2P(p)) - (2N+2+P(P)>2
2N +1

(M -2) [M

(143P(p) + 2tr(p%)) — (1 —|—73(p))2]} @)

2(22N)
M(M-1)

Thus the leading term is Var[Péf )] ~ for large system size N.

3.3 Further reading

Quantum state tomography (review?), Shadow tomography (Flammia, Aaranson), shadow papers
Recall that the n-qudit Clifford group for prime qudit dimension 4 > 2 does not form a unitary
3-design and thus the variance calculations in Sec. 3.2.1 do not apply to this case. However, using

—P(p)?
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more advanced techniques, the variance of shadow estimation was very recently computed in this
case as well [18, 19]. Perhaps surprisingly, only a small correction depending on the qudit dimension
g was found:
A d+1 2 2 . . . . .
Var|[d] < 112 (29 —3)100ll5 + 2/|00|%) (for Cliffords in prime local dimension g).  (3.71)
This implies that the discussion in the qubit case also applies to qudits if the local dimension is not
too large.
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QUANTUM RANDOMNESS 11

As argued previously in Sec. 2.4, Haar-random unitaries are notoriously expensive to implement
in that they need exponentially deep quantum circuits. For this reason, unitary designs have been
introduced as a way to mimic the Haar measure up to a certain moment. The prototypical example of
a unitary design is the Clifford group which is thus extensively used throughout the literature, and
also in our treatment of classical shadows in Ch. 3.

Nevertheless, there are two major problems with unitary designs: First, there are no practical
examples of unitary designs beyond the Clifford group and we are thus limited to third moments.
However, there are interesting properties in many-body physics that are described by much higher
moments. Second, Clifford unitaries need linear-depth circuits to be implemented and this is likely
the case for any unitary design. However, near-term devices are noisy and thus effectively limited in
the depth of the circuits they can execute. We would thus prefer ensembles with a more fine-grained
control on the circuit depth and, ideally, sub-linearly sized circuits.

From a practical point of view, it thus seems to be a good idea to take a constructive approach to
random unitaries by considering families of quantum circuits with variable depth, where the (local)
gates are drawn at random. We call the so-constructed ensemble a random quantum circuit (RQC).

4.1 Random quantum circuits

Intuitively, RQCs should become ‘more and more random” with increasing circuit depth. However,
RQCs will typically never be a unitary design in the sense of the defining equation (2.98), this is

Me(A) # MRC(A) == Eyroc [u@)kAu@kf*] ) 4.1)
where the average on the right hand side is over all unitaries in the RQC ensemble. Instead, (4.1) will

be fulfilled up to an error ¢ that becomes smaller with circuit depth. We then say that the RQC forms
an e-approximate unitary design.

Figure 4.1: Random quantum circuits are circuits in which the gates are drawn randomly. Typically,
these gates are local and arranged in a specific layout, for instance in the popular brickwork layout
shown here. These circuits are typically composed of layers (shown by the dashed box) and gates in
each layer are drawn independently.

36
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In this chapter, we will consider a specific construction of random quantum circuits which we call
layered (we will encounter other examples later). For this, we assume that the circuit is composed of
repeated and independent layers. These layers typically have some specific structure or layout, for
instance, gates could be arranged in a brickwork pattern as in Fig. 4.1. Importantly, the gates within
every layer are drawn independently at random such that there are no correlations between the gates
or the layers.

Let us consider a single random layer distributed according to a probability measure v on U(d)
and the associated k-fold twirl, typically called the (k-th) moment operator in the RQC literature:

MY = / U (U du(U) . 4.2)

1

Then, a random circuit with L layers has the form U = Uy ---U; where U; ~ v.© The moment

operator of the L-layer RQC is then given by

M- = /ui@k---u?k(-)u{@"f*---ui@kf*dv(ul)---du(uL) (4.3)
— /ug@k ( . (/ gk (/ ufﬁk(-)uf@"f*dv(ul)) dv(U2)> ) USMdu(UL)  (44)
= (M)" . (4.5)

We also emphasize that the (local) structure of each layer is also reflected in the moment operator
M. For instance, if we have a brickwork layout as in Fig. 4.1, then we can we can decompose every
layer unitary as U = UeyenUoqqg Where Uygqg = Unn @ Uz @ - - - @ Uy—1 p and Ueyen = 1 @ Upz ® Uys ®
- @ Up—2,,-1 ® 1. Let us for simplicity assume that all local gates U;; are distributed identically, for
instance according to the 2-qudit Haar measure. Then, M = M¢Ve"M¢4d by the same argument as
above, and

) oz (4.6)

szen — Mllz ® M]§4 R ® M]r{l—l,n — (M}{OC
A similar argument holds for the odd layers. We can visualize this by taking the brickwork circuit 4.1
and stack the k copies of each local unitary (channel) on top of each other, cf. Fig. 4.2. The averages
are now taken over the all bricks individually.
Following the intuition presented at the beginning of this section, the moment operator of a RQC
should converge to the Haar-random one with increasing circuit depth, this is

MY = (MDY — My for L — oo. (4.7)

One way of making this precise is by considering the eigenvalues of M}. Since the eigenvalues of M;*
are simply powers of those, it is sufficient to study a single layer. But how different can the single-
layer moment operator M} be from the Haar-random moment operator My which we have studied
so far?

Before we delve into this question, let us briefly recall that the adjoint ¢ of a linear map ¢ is
defined by the equation

(Alg(B)) = (9"(A)[B). (48)
Applied to the map ¢ = V(- )V*, we thus find that ¢* = V(- )V = ¢~1. Hence,

(M) = [ U () uRdu(u) = [ U Uty = mj, (49)
where 7(U) = v(U") is the measure under inversion. For MY to be self-adjoint, it is thus sufficient

that v is invariant under inversion which is however not always the case. For instance, the brickwork
example in Fig. 4.1 is not: Inverting a layer means exchanging the even and odd sublayers which

INote that the product is distributed according to the convolution measure v*L,
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Figure 4.2: Visualization of the k-fold action on replicas by stacking the unitaries on top of each other.
The local structure of the underlying circuit is preserved. Any k-th moment of the RQC can be written
in terms of ‘boundary conditions” A and B to the circuit, and subsequent ensemble averages.

clearly leads to a different measure. Thus, we can generally not guarantee that the eigenvalues of M}
are real or that M is even diagonalizable.

However, there is a simple observation about Mj: Since all unitaries of the form U® commute
with permutations R, we still have

MY(R,) = U R, U®*dv(U) = R, (4.10)

no matter what distribution v we choose. As M} might not be a self-adjoint superoperator, the right
eigenoperators R, are not automatically left eigenoperators as well. However, by Eq. (4.9), we find
that

(MY)F(Ry) = / U R, Uk du (L) = Ry .11)

Hence, all permutations R, are left and right eigenoperators of eigenvalue 1, just as in the Haar-
random case. This means that M} has the following matrix form in a suitable basis:

MY (1(’;’ 0) , (4.12)

*

where * is defined on the orthocomplement of the unitary commutant Commy. Note that the Haar-
random moment operator My has the same structure, but with x = 0. Now, the L-layer moment
operator (MY)F is obtained by taking L-th powers of the blocks. Thus, the obtain the desired conver-
gence (4.7), we need that *L — 0. We here analyze the convergence in spectral norm. Recall that the
spectral norm ||¢|| is defined as the largest singular value of ¢, or equivalently, the largest eigen-
value of the self-adjoint operator /¢ ¢.
We say that M} is gapped if ||*||cc < 1 — Ay with the spectral gap A > 0. Again, this guarantees
that (M%)L — My and, moreover,
M) = Milleo = (M} = M) oo < [IMY = Myl < (1= A" (4.13)

Here, we used that M]My = My = MM by the invariance of the Haar measure and that the spectral
norm is submultiplicative. Hence, Eq. (4.13) states that the rate of convergence is determined by the
spectral gap.

It turns out that RQCs are generally gapped, at least if if v is a universal measure, i.e. its support
contains a universal gate set. We will give a proof of this statement in Sec. 4.2, but since it is not of
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major importance for the remaining course, we consider this section optional and not treat the proof
in the lecture.

What does the spectral gap imply for the convergence of concrete moments to their Haar-random
value, i.e. for expressions of the form tr[B(MY)"(A)]? These moments correspond to certain boundary
conditions on the k-replica circuit, cf. Fig. 4.2. To bound the approximation error of a RQC, we use
that the spectral norm is an operator norm, meaning that

X
ol = sup LA, 1)
XeL(H) 2

Hence, by using Cauchy-Schwarz inequality:
te [B(MD)E — M) (4)] < 1Bl (M)~ My) (4)]]2
< [lAl1IBl2(1(MQ)" = Milleo) < (1= A [|All2]|Bll2 - (4.15)
Hence, the approximation error is lower than e if

log(e) — log(||All2[|B]l2)

L> . 4.1
B log(1 — Ay) (410
Using that log(1 + x) < x for x > —1 this is implied for
L > A (log(1/¢) +log([| All2[1Bl2)) - (4.17)

Note that log(1/¢) > 0since 0 < € < 1. Hence, the required number of layers is determined by the
size of the gap and the approximation error.

Now one may wonder that if ||Al2 = ||B|lz = 1 (for instance for quantum states) and Ay is
constant, we would obtain convergence we have a constant number of layers. While it is true that we
would then achieve a constant error € with a constant number of layers, this would not be enough as
the moment we are trying the approximate, tr[BMy(A)], is typically exponentially small in n and k.
Concretely, we typically need an additive error of the order of g~ to get a good approximation. We
can directly aim for a relative error € by modifying our bound as follows

L= A7 (log(1/€) +log(|AlLIBll2/ t[BMc(A)]) = A;* (log(1/€) +log(1/ t[BM(A)])) , (4.18)
where A = A/||A|2 and B = B/||B|2. Now inserting tr[BM(A)] ~ g=2"* we get
L > A; ! (log(1/€) + 2log(q)nk) . (4.19)

This already suggests that we need a number of layers that is linear in nk to get a good approximation
to the Haar-random value of our moment.

Perhaps not surprisingly, the spectral gap depends strongly on the choice of RQC and will gen-
erally be a function of the number of qudits n and copies k. For instance, if we apply only a single
2-qudit gate in every layer instead of O(n) as in the brickwork circuit, Fig. 4.1, we should expect a
rescaling of O(1/n) of the spectral gap since we need O(n) more layers to achieve the same overall
number of gates. It is generally expected that the spectral gap of RQCs like the brickwork circuit is
constant in both #n and k, at least for k < O(d). Only recently, this was proven (up to logarithmic
factors): The spectral gap of brickwork RQCs is Ay > clog(k) 7 for some constant ¢ > 0.

Conclusion. Combining the spectral gap with the error discussion, we can generally say that
L > c og(k)” (log(1/€) + 21log(q)nk) , (4.20)

many brickwork layers are sufficient to approximate arbitrary Haar moments. This involves circuits
that are of linear depth in nk. Hence, random quantum circuits of linear depth behave as Haar-random
unitaries for (almost) all practical purposes.
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4.2 More on spectral gaps*

We have the following structural result on the spectrum of M.
Theorem 4.1 (Spectral properties of M}). We have the following general properties:
(i) All eigenvalues of My have absolute values < 1,
(ii) The 1-eigenspace of M is at least k!-fold degenerate, containing the unitary commutant Commy ,

(iii) If v is universal (its support generates a dense subgroup of U(d)), then the 1-eigenspace is exactly k!-
dimensional. Thus, M} is gapped.

Proof of Theorem 4.1. (i) Let us assume that A is an eigenoperator with eigenvalue A € C,i.e. M}(A) =
AA. We denote by ||Al|3 = (A| A) the Hilbert-Schmidt or Frobenius norm (the norm associated to the
trace inner product). Note that this norm is invariant under unitaries: ||VA|3 = tr((VA)'VA) =
tr(ATA) = || A||3. Then, triangle and Cauchy-Schwarz inequality yield

IAIALL = [(AIME(A))] §/|(A|U®"AU®"'*)\dV(U) S/HAHzIIU®"AU®"'*|Ide(U) = [|A]5.
(4.21)

Hence, all eigenvalues lie in the unit disk.

(ii) was already proven in Sec. 4.1.

(iii) Let A be an eigenoperator of eigenvalue 1 and consider the map Xy = id — U®k(- ) Uk,
Then:

/ (A| Xy Xu| A)dv(U) = 2| A2 — / (A|UPFAUER 4 Uk AUSF)du(U) (4.22)
—2[|AJZ — /2Re ((aju= aus ) av(u) (4.23)
=2||A||3 —2Re(A|M{(A)) = 0. (4.24)

However, we also have
(A Xy Xy |A) = tr (A*(XU(A) — U A (A)UH)) (4.25)
= tr (A= USFAUH Ay (A) ) = (Xu(A)| Xu(4)) = 0. (4.26)
Hence, the only way that the integral above can be zero is if
0= (Xy(A)|Xy(A)) = ||A - UFAU |3 & A =UFAU®T, (4.27)

holds v-almost everywhere (i.e. everywhere except on a subset of unitaries that have v-measure zero).
Hence, if the support of v contains a set of generators, A has to commute with generators of U(d)
and hence lies in the commutant of a dense subgroup of U(d). By continuity, this commutant is the
same as the one of U(d) and thus the 1-eigenspace of M} is exactly Commy. To be done: show that
My is gapped (could still have an additional singular value 1). O

4.3 Further reading

To be done.
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RANDOM DYNAMICS IN MANY-BODY SYSTEMS

5.1 Anticoncentration

5.1.1 Motivation and overview

In this section, we want to study properties of the outcome distribution of random quantum states.
As we will see, these distributions are notoriously hard to sample from — and thus they play a major
role in arguably the most important proposal for demonstrating a quantum advantage over classical
computers, namely random circuit sampling. Such quantum advantage experiments were experimen-
tally conducted the first time in 2019 by Google [20], and have been subsequently improved over the
last years with the latest experiments [21] being extremely convincing, even to critics.

But what is it about the outcome distributions that make such claims possible? Notably, probabil-
ity distributions are generically very complex and producing samples from a distribution is a prob-
lem with a long history in applied mathematics and computer science. This has resulted in famous
and important algorithms such as Metropolis-Hastings and other Markov chain Monte Carlo methods. In
contrast, some distribution are very easy for sampling, for instance the uniform distribution. More-
over, very concentrated or peaked distributions are also simpler to handle by standard algorithms, as
the convergence of the underlying Markov chains is very fast.

Hence, let us look at the outcome distribution produced by random quantum states, this is we
consider

p(x|U) = [(x U0}, 6.1)

where x € {0,...,q — 1}" is the measurement outcome and U is a random unitary from an ensemble
&. Importantly, we are going to focus on the case that x = 0 motivated by the observation

p(x[U) = p(0]X(x)U), (5.2)

where X(x) = X" ® X* is a multi-qudit X gate (and X(x)|0) = |x)). Throughout this section, we
will assume that the ensemble £ is invariant under left multiplication with X gates, such that p(0|U)
follows the same distribution has p(x|U). This is certainly true in many relevant cases, e.g. for Haar-
random unitaries, and can easily enforced by adding a random X gate at the end of the circuit.

Note that for such an invariant ensemble £, we have

Ey~e ) p(x|U) =) Euep(0[X(x)U) = ) Eu-ep(0|U) = d Eyep(O|U). (5.3)

But clearly, we also get

Y p(x(u) = ) tr(lx) (x[ulo) (o]u") = tr(Ul0)(O]U") =1, (5.4)

which implies that we exactly have E.¢p(0|U) = d~! independent of details on £. Hence, the
expected outcome distribution is a uniform one — however the individual realizations could each be
very far from uniform: They could be very concentrated, but in different regions, and only appear
flat when averaged out.

In the context of random circuit sampling, a concentration of probabilities can be exploited by
a classical algorithm to spoof the sampling task. This is because if most of the probability mass is
concentrated in a small region, the probabilities have to very tiny (much smaller than 1/d) elsewhere,
i.e. on most of the sample space. These probabilities are in fact so small that a classical spoofer can
set them to zero and still be able to reliably sample from the outcome distribution. To prevent this,
we look for an ensemble that does not allow for concentration in the outcome distribution, at least
not for a large fraction of the instances.

41
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Defining (anti)concentration. The intuition behind our approach is that we want to quantify how
much p(0|U) fluctuates around its mean. If the fluctuations are comparably small, individual real-
izations cannot be very concentrated. Formally, we study the variance of p(0|U), this is

Vary e [p(0[U)] = Ey~¢ [p(O|U)?] = Ey~g [p(O|U)]* = Ey~e [p(0]U)?] — <. (5.5)

42
Because the variance is non-negative, the second moment [E;;.¢ p(0|U)? has to be at least d 2. If we
also have Ey;..¢p(0|U)? < cd~2 for a constant ¢ > 1, then the standard deviation is O(d~!) and hence
the fluctuations around the mean are of the same order as the mean value and can be considered
small.

Definition 5.1. We say that a (X-invariant) unitary ensemble £ anticoncentrates if there is a constant ¢ > 1
(not depending on the system size) such that By..ep(0|U)? < cd—2. Clearly, this is a property of the generated
state ensemble only. Thus, we also say that a state ensemble ' anticoncentrates if By..g/p(0]1)* < cd 2.

In the RQC literature, we typically encounter a slightly different convention for the second mo-
ment, with a different normalization There, we have

Z:=Eyu~¢ Y p(x|U)* =dEy~¢ [p(O|U)?] , (5.6)

where the last equality follows for ensembles which are invariant under X gates (as the ones we
consider here). Z is called the (average) collision probability in the RQC literature and the anticoncen-
tration condition translates to Z < cd 1.

We can further formalize our intuition about fluctuations around the mean and turn them into a
statement about concentration of probability: As described above, we can do this by bounding the
likelihood of probabilities that are smaller than 1/d. To this end, we use the Paley-Zygmund inequality:
Given a bounded (and non-zero) random variable 0 <Y < 1and 0 < a < 1, it holds:

E[Y])*
> (1—a)? : :
Pr[Y > aE[Y]] > (1 —«) EY2 (5.7)
Applied to Y = p(0|U) and an anticoncentrating ensemble £, we have
® (1—a)?
Pryve |p(Oju) > 5] = =—"-. (5.8)

Thus, for a constant fraction of instances p(0|U) cannot be much smaller than, say, %. This means
that these outcome distributions cannot be too concentrated. An illustration of the distribution of
outcome probabilities for concentrating and anticoncentrating ensembles is shown in Fig. 5.1.

Anticoncentration of the Haar measure. Notably, Haar-random unitaries exactly have the right
scaling of the second moment an thus anticoncentrate. Indeed, we found before (cf. Example 2.8):

Euvi [pOUP] = [ [0julo)'att = 7. 59)

We can thus take the constant in Def. 5.1 to be ¢ = 2. We may even look at higher statistical moments
of the outcome distribution, which can give us further details about its structure. As we will see,
the knowledge of all the moments allow us to deduce the exact distribution of probabilities. These
higher moments are called inverse participation ratios in the context of Hilbert-space delocalization in
many-body physics, and given by

L= =Y Eyee p(x[)". (5.10)

W
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Z =q " Z~cq " Z>e g
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Figure 5.1: An illustration of the distribution of outcome probabilities for ensembles with different
values of the collision probability Z, cf. Eq. (5.6). Here, we consider n qudits of dimension g such
that the total dimension is d = 4". For a deterministic ensemble that always produced the uniform
distribution, Z = 1/d, and the distribution is peaked at 1d (left panel). Anticoncentrated ensembles,
Z < c/d, cannot produce too many very small probabilities and thus the distribution has to be
reasonably broad (middle panel). If Z is too large (right panel), then probabilities are more likely to
be very small. The associated outcome distributions may concentrate as a consequence. Figure taken
from Ref. [22].

For Haar-random unitaries, we can compute all the moments exactly using Lem. 2.3:

I = ;Z/p(x]U)kdU (5.11)
- /u (|0 (0|ZFU=*[0) (0| U=y dur (5.12)
= Y Waotr(RE[0)(0]%%) tr(R|0) (0] %) (5.13)

71,0 €Sk
B o Kd-1) k!
= L W =R = G T @ @i kD) ©-14)

From the knowledge of the all moments, we can compute the generating function and then the
distribution of outcome probabilities via a Laplace transform, cf. exercise sheet 3. This yields the
Porter-Thomas distribution

d—1 w

Plw) = —— (1 - d)d_z . (5.15)

Anticoncentration of random quantum circuits. Suppose that the ensemble £ is now given by a
random quantum circuit (RQC). These typically feature local Haar-random gates and are thus also
invariant under X gates. Note that I /Z is a moment of the RQC in the sense of Sec. 4.1 with k = 2
replicas. Hence, a sufficiently deep RQC reproduces the Haar values, say up to a relative error ¢, this
is
h = Eurge tr(10) (02U 200 (0 2U) < (1-+€) g 5.16)

Thus, we find that RQCs anticoncentrate with constant ¢ = 2(1 + €). Note that ¢ = 1 would be
sufficient.

But how deep should the RQC be? In the notation of Sec. 4.1, the moment in Eq. (5.16) is described
by the operators A = [0)(0|, B = dA, A = A, and B = A. To achieve a relative error €, we had the
estimate

L > Ayt (log(1/€) +1og(1/ tr[BMa(A)])) ~ A, ! (log(1/€) + 21og(q)n) , (5.17)
where we used that ) )
tr[BM2(A)] = Eyu [p(OIU)?*] = Ad+1) <3 (5.18)
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Using that for instance brickwork circuits achieve a constant spectral gap A, (and we expect a similar
result for other circuit families), we can thus conclude that random quantum circuits anticoncentrate in
linear depth.

However, we will see in the later sections, that anticoncentration is a phenomenon which already
happens exponentially faster than we would expect from these spectral gap arguments. To this end,
we will compute I, for three different ensembles, thereby exhausting the current state of knowledge
of explicit results. In the end of this chapter, we will also briefly comment on the failure of spectral
gap arguments to properly capture the convergence rate of .

Relation to quantum advantage. How does anticoncentration relate to quantum advantage based
on random circuit sampling experiments? It should be clear that anticoncentration alone cannot
be sufficient for a quantum advantage: Clifford unitaries form an exact unitary 2-designs and thus
reproduce the Haar value (5.9) exactly. Hence, Clifford unitaries anticoncentrate, but their outcome
distributions are flat and can be computed efficiently, allowing for trivial sampling.

Instead, anticoncentration is a crucial ingredient in a series of complexity-theoretic reduction
steps. Importantly, we need a hardness assumption to begin with, and —as it is often the case in
complexity theory— we should not expect that this one can be rigorously proven. Here, it is assumed
that it is hard to approximate the outcome probabilities of a RQC on average. Using anticoncentration,
this can then be used to show that it is also average-case hard to (approximately) sample from the
outcome distribution.

5.1.2 Anticoncentration of random matrix-product states

Random matrix product states (RMPS) Matrix product states (MPS) are a fundamental class of
quantum states |¢) represented by the wave function

) = Z Ag(l)(.?ﬂ)Agj;)(XQ)...A,(Yn)(xn)|X1XZ...Xn>, (5.19)

X100 Xn
&,B,...,Y

where x; € {0,1,...,g—1} and a, B...y € {1,2,...,x} are auxiliary indices spanning a space of di-
(i)

mension Y, the so-called bond dimension. The tensors A, 8 (x;) can be seen as x X x matrices dependent
on the local qubit variable x;. The state can be pictorially represented as

5.20
CHH EHHe) o

where the vertical links correspond to the local, physical Hilbert space and thick lines indicate con-
tractions over the bond dimension . Random Matrix Product States (RMPS) are defined by sampling
the tensors from an appropriate probability measure. One common choice is to take the A(¥) to be
equal to a Haar-random matrix V) € U(gx) applied to the local basis state |0). Graphically, we thus
have, in the bulk, the following:

(5.21)

O O O O O

0) 10) o) [0) [0)
While this seems like a straightforward ansatz, the question remains how to choose the boundary
conditions, i.e. the first and last tensors in the chain. This turns out to be a somewhat subtle issue

tied to the normalization of the represented state — a well-known topic in the MPS literature. Indeed,
normalization requires that

(5.22)
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To achieve this, we here adapt what is known as a right-normalized form of the MPS. More precisely,
note that if we take A" = V(") to be a g x g unitary, then

, (5.23)

We can now repeat this trick and take A"~ = V("1 to be a ¢4? x ¢? unitary, and similar A"/) =
V(=i € U(g¢/t). Let us assume that the bulk bond dimension is a power of the local physical
dimension , x = q" (we can always do this by enlarging the space). Then, we can stop the doubling
procedure at j = r — 1 and continue with the bulk form of the MPS (5.21) for V""", This is because

we have
= j (5.24)

For the left boundary condition, we simply contract with |0)®".
For r = 3, we would for instance have

©

|0) 0)

(5.25)

Through a suitable reshaping of Eq. (5.25), we can represent the state |) by a quantum circuit in the
form of a staircase,

(5.26)

This also clearly shows that the construction results in a normalized state |¢).

To construct the random MPS ensemble, we will now draw the unitaries V() Haar-randomly
from the appropriate unitary groups. Note that we can absorb the last r (in the example: 3) unitaries
into the (n — r)th one using the invariance of the Haar measure. This simplifies the circuits slightly,
resulting in a random state preparation circuit of the form [ MH: Update figure, generalize ||

(5.27)

Note that the number of wires is exactly the number of physical legs (i.e. qudits n) in the original
MPS (5.20). The number of gates is n — r where x = ¢'.
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Anticoncentration of RMPS We now study anticoncentration of n-qudit RMPS given by the stair-
case circuit in Eq. (5.27). Using the invariance under X gates, the IPRs (5.10) can be written as

IEMPS — ]ELINRMPS tr (‘0” > <0n‘®ku®k’0n><0n ’®ku®k,+) ) (5.28)

We can depict this as a k-copy replica circuit, constructed from Eq. (5.27), where the averages over
unitaries are performed locally. Recall that the local unitaries act on r 4 1 qudits with x = q" being
the bond dimension. The local averages over gx-dimensional Haar-random unitaries thus yield the
Haar-twirl My = M (gx). We have an additional contraction with all-zeroes states |0") := |0" ) (0" |®*
at the end which we draw again using hollow circles:

O O O O O O

(5.29)

O O O O O O

Here, each thick wire stands for r qudits, representing a y = g'-dimensional system. We have the
following Weingarten expansion (2.85):

Y. Weo(qx)|Re(q) @ Re (X)) (Ro(x) @ Ro(q)] - (5.30)

T,0€S;

It will turn out to be convenient to keep the explicit dependence on the dimension in the Weingarten

matrix and the permutations. Since (R, |0"%) = (0"¥|R;) = 1, we have the following identity
H =) - [ e
Here,
Y, Weo(qx) IRe (X)) (Ro ()] - (5.32)
T,0€S

Note this is not again a Haar twirl as the Weingarten matrix is slightly off (it should be W(x)). Since
we have n — r gates in total, we have to compute

(5.33)

Analogous to Eq. (5.14), applying the first My to the zero state results in

Mi|0™) = ) Wea(q1)IRe (X)) = Gy gy 3 IR(X))- (5.34)

T,0€S TES

Contracting this with the next My yields

Mﬂonk) = gz;;x Z W (9X)Gor (X) Rz (X)) = gl:,qzxgk,)c Z IR (X)) - (5.35)

T,0,TESK eSSy
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In other words, M|0") is an eigenvector of My with eigenvalue G, qlx Gr - Hence,

W10 = (6oL GGk T R(X)), (536)

TESK

and the final contraction with (0| simply adds a k!. We thus arrive at the result

RMPS _ +ron—r—1
Ik kG g

n—r—1

= ki ( (9x —1)! )”’ <(x +k— 1)!>”” _ [Hm oG+ (5.37)
T \gx k-1t (-1t B nert
To analyze the scaling behaviour of this expression, we use the following identity
k-1 p -1 P
[H (ax+m)| = H (1 + — (5.38)
m=0 =0
Pk exp [ E og(1+m/( IXX))] (5.39)
k Bk3
= (ay)Pk exp 0‘7( —|— O (0{2)(2)] , (5.40)

coming from the first order Taylor expansion log(1 + x) = x + O(x?) and providing a decent approx-
imation at large . Putting these pieces together we obtain the final expression

e el G o R € B
e S o] e
)
~ [ exp [k<k2_ AU ; D) n; ! +0 <1;Ck23>] , (5.44)

: Haar ~, k! __ k! . :
where we recognized [ ~ oF = gr at leading order in n > 1.

From Eq. (5.43), it is straightforward to decide when RMPS anticoncentrate: Setting k = 2, we
have to establish that I;MPS < ¢d~2 for a constant ¢ > 1. To this end, we have to make the exponential
in Eq. (5.43) smaller than a constant. Here, it is certainly enough to choose x > ¢’n for a suitable
constant ¢’ such that % < 1/c’. Thus, we need a bond dimension linear in the system size for RMPS to
anticoncentrate. In the general context, such MPS are not highly entangled and thus the requirements
for anticoncentration seem to be rather low from this point of view.

For general k, Eq. (5.44) implies that choosing x > ¢'nk? for a suitable constant ¢’ will make [RMPS
only a constant multiple of the Haar value.

5.1.3 Anticoncentration of super-brickwork circuits

In this section, we discuss another ensemble of random states for which the IPR (5.10) can be derived
exactly, and thus anticoncentration can be analyzed analytically. In contrast to the RMPS case from
Sec. 5.1.2, the generating circuits will be closer to the random circuits studied in Sec. 4.1, and can be
more reasonably endowed with a notion of locality and circuit depth.
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These circuits can be understood as a two-layer brickwork circuit where the individual bricks,
i.e. gates, act on a large number of qudits:

ol ) ) |
(D i N I U
506855583858

As before, the thick wires indicate a large local dimension x and can also be thought as concatenated
qudits. We call circuits of the form (5.45) super-brickwork circuits. Due to the presence of only two
layers, these circuits are much simpler to handle than their deep analogues from Sec. 4.1.

After executing the Haar-average over the local gates, we obtain

(5.45)

(5.46)

Similar to Sec. 5.1.2, we have

= Z WT,U(X2)|RT(X) ® R:(x)) = gk_,;z E IRz(x) ® Re(x)) - (5.47)
O O

T,0€S, TESK

Contracting with the first zero on the top left yields

(5.48)

Likewise

(5.49)

Here, we used Lem. 2.3 for the column sum of the Gram matrix G, (x) = (Rs(x)|R<(x)). We can
repeat the procedure

@, @,
[ .] = Geix L IRe(0)). (5.50)
My My TES;

o O o O

The situation is quite the same as for RMPS: The uniform superposition of permutation operators
behaves like an eigenvector with eigenvalue Qk_, ;2 g,}, N (it is not quite that because it we also take the
adjoint every time, transforming bras into kets and vice versa).

Nevertheless, it should be clear that we get a factor G° ;2 for every brick in the circuit and a factor
i, x for every link connecting two bricks. If N is the number of “local” systems (the thick wires), then
the total number of bricks will always be N — 1: If N is even, then we have N /2 bricks in the first
layer and N/2 — 1 brick in the second resulting in N — 1 in total. If N is odd, we have (N —1)/2
bricks in the first and second layer, resulting again in a total of N — 1. The number of links between
the bricks is always one less, resulting in the explicit formula

B = kg, Vg2 (5.51)
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5.1.4 Anticoncentration of 2-local brickwork circuits

In this section, we get back to the brickwork circuits that we originally consider in Ch. 4 and show that
these anticoncentrate in logarithmic depth. It turns out that this circuit ensemble is actually the most
complicated one to study because we have many layers and thus the direct contraction strategies we
persued in the last sections does not work due to loops (similar as in 2D tensor networks). We will
thus have to use a different strategy, which also only works in the k = 2 case and not for higher k.
Our goal is thus to compute IBW for a L-layer brickwork circuit (with periodic boundary condi-
tions) with Haar-random local gates acting on two qudits each. We use the Weingarten expansion

. Y Wao(d?)r?) (52 (5.52)

TT,0€S)

Note that we only deal with two permutations here: S, = {1,F} where F is the flip (or swap)
operator. We computed the k = 2 Weingarten matrix in Ex. 2.7 as

1 1 —q?
2y _ q
W(g~) = pr <_q2 1 ) : (5.53)
Similar to the last sections, we will exploit that permutations factorize over the qudits. We can thus

expand the circuit dynamics in the local permutation basis {1, }*". Using the Weingarten expansion
(5.52), we can compute the action of the local moment operators in this basis:

I1®1—=1®1,

1. _(1®1+FQF)
2 7
g1 (5.54)

q2q+1(11®11+]F®IF),

Interpreting the basis C := {1,F}®" as a configuration space, we see that the local moment operators
perform local changes to a given configuration according to Eq. (5.54). Importantly, all coefficients
are non-negative and can be seen as weights in a stochastic process. For instance, if the initial local
configuration is 1 ® F, it is transformed to either 1 @ 1 or F ® IF with the same weight g/ (4*> + 1). In
the following, we denote the configuration in the ¢-th step as y(t) € C.

Incorporating boundary conditions. The final configuration (L) is contracted with an all-zero
state which always yields one, tr(7y(L)|0)(0|*?) = 1, independent of the configuration. The initial
configuration is obtained by locally twirling the zero state, which yields (cf. Sec.5.1.2)

1
S A LELTEOR). (59

Thus we obtain the following initial state

1
[qz(qzﬂ)

where C; := {1® 1,F®F}®2 C C. Note that the first layer of the circuit has been explicitly absorbed
into this initial state, i.e. we are left with L — 1 layers.

Let us denote the transformation matrix of the t-th layer as M(*): This is simply a tensor product
of n/2 many local transformation matrices as given in Eq. (5.54). The only difference between the
layers is given by the translation of bricks, i.e. whether the local action is on ‘even pairs” or ‘odd
pairs’ of qudits. We can then rewrite 5" as

Bv = Z]‘[ MY = Y, (5.57)

q" q+1 TP+ ES

where wt is the combined weight of the trajectory v = (y(1),...,y(L)) € C; x Ct=V given by the
product of matrix coefficients.

®% 1
(1® ]1+]F®1F)] = 7(1), (5.56)
q"(¢* +1)2 7(1%@
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Domain wall rules:

=

1. Domain walls move either up or down
through gates with equal weight g/ (g> + 1)

F_?

2. Domain walls annihilate when they meet

1 ra
F :.‘ B 3. Domain walls cannot be created

Figure 5.2: Illustration of the domain wall picture and the rules for domain wall dynamics. When
domain walls ‘hit” gates, they move either up or down with equal weight. The configuration thus
branches in such a case, here indicated by the blue and green dotted lines. In the blue case, the
domain wall between the fourth and fifth qudit annihilates with the upmoving blue domain wall.

Domain wall picture. How can we keep track of the relevant trajectories in Eq. (5.58)? Most of the
trajectories have weight zero and are thus not allowed. A neat way of doing that is by introducing do-
main walls. A domain wall separates qudit segments with different configuration — or put differently,
every time the configuration changes, we have a domain wall. Notably, always two permutation con-
figurations map to the same domain wall configuration. Using the transformation matrix (5.54), we
can easily come up with rules for the domain wall (DW) dynamics, cf. Fig. 5.2. We can then rewrite
the IPR as 5
BW

I 1) ;wt(G) , (5.58)
where G = (G(1),...,G(L)) is now a trajectory of domain walls, and every G(t) is simply a set that
contains the qudit index i if there is a domain wall between qudit i and i + 1.

The dynamics of local permutation configurations correspond precisely to a classical ferromag-
netic spin model of 7 spin-3s. Indeed, if we replace the entire circuit by a Haar random unitary, the
only allowed final configuration would be 19" and F®", corresponding to the entire system being
in either ‘spin up’ or ‘spin down” and thus to the absence of domain walls. The dynamics of the
brickwork circuit are such that domain walls annihilate over time and hence the ‘equal-spin sectors’
grow. Thus, if we let time run long enough, we will find a single spin sector with high probability.

To make this precise, we note that we can decompose DWs disjointly as G(t) = Go(t) U G«(t) (as
sets) such that G, contains only DWs that stretch from left to right and in G( all DWs annihilate at
some time t < L. We say that the annihilating DWs form ‘arcs’. Thus, this decomposition separates
the arcs from the rest, cf. Fig. 5.3. Importantly, the weight function separates over this disjoint union,

wt(G) = wt(Gp) X wt(G). (5.59)

This is because the weight is a product of local weights over time and the weight of having no DW
in a certain position is 1. We can thus simply pull out all weights corresponding to DWs in G, into a
separate weight term.

Importantly, for infinite circuit depth we should retrieve the Haar value. But the DWs that stretch
from left to right (i.e. those that do not annihilate) are suppressed in weight as (qil )E, and hence in
the limit L — co only DWs with arcs (of type Go) contribute to the Haar value. However, note that
these arcs could be arbitrarily long (but finite as the weight would otherwise be again zero). To make

this precise, let us define

Go(L) := {DW trajectories of length L with only arcs}, (5.60)
Go(o0) := {DW trajectories of infinite length with only finite-length arcs}, (5.61)
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Figure 5.3: Separating arcs from the remaining DWs. Taken from Ref. [22].

We can embed Gy(L) into Gy(co) by padding with empty sets (no DWs) and the weight does not
change under this embedding (as no DWs have weight 1). We thus have the following inequality:

[ T S — Y wt(Go), (5.62)

q" (qz +1)2 Go€Go(oo) qn(q2 + 1)% Go€eGo(L)

which simply follows by restricting the index set and the non-negativity of the weight function.
Hence the total weight of the ‘only arcs’ contribution converges from below to the Haar value for
L — co.

We are now ready to combine all the above observations and compute IZ%V. For the sake of nota-
tion, we define

Gr(L) := {DW trajectories of length L with r domain walls in the end}, (5.63)
G,(L) := {DW trajectories of length L with r domain walls in the end and no arcs}, (5.64)

Note that because of the periodic boundary conditions, we need to have an even number of domain
walls at the end. We then compute

2 n/2
V=~ wt(G) (5.65)
q"(qz +1)2 ;ocezgz,
n/2

= Y. )Y, )Y wt(G)wt(G) (5.66)

q (7% +1 =0 GeG,, Gego
GNG'=0

n/2 2 /
(rzo Gezgzr Wt(G)> (q”(q2+1)'§ G%:go wt(G )> (5.67)

(Z/% ). Wt(G)) L. (5.68)

r=0 GEGy,

IN

IN

:=(1+e¢)

Here, the first inequality follows from ignoring the disjointness which makes the set of admissable
G’ larger and thus also the total sum (because wt is non-negative). The second inequality follows
from Eq. (5.62). To bound the error term, we note the following:

1. As there are no arcs, the number of DWs is conserved over time.
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n/2

2. The number of initial DW configurations with 2r domain walls is ("}

DWs at even positions, cf. Eq. (5.56).

) since we can only place

3. Atevery time step, each DW necessarily encounters a gate and has to move up or down, picking
up a weight factor ¢/ (4% + 1).

4. DWs in Gy, are not allowed to annihilate (and also not to cross!). But if we allow crossing, this
can only make the sum larger.

Combining all of these, we can bound

n/2 2r(L-1)
1+—g<:§: <”/2> 22r(L-1) (qZ?F1> ) (5.69)

where we used that every of the 2r DWs contributes a weight factor in every of the L — 1 time steps,
and there are 27(:~1) many trajectories associated with an initial DW configuration (allowing cross-
ing). Setting a := —log(2g9/(¢*> + 1)), we find

n/2
£ < Z <Tl/2) 22r (L— 1) —2ra(L-1) ~ (1 _i_e*ﬂ(L*l))n/z -1, (5.70)

where we completed the binomial sum by adding the odd terms. We then use the following lemma:

Lemma5.1. Letb € Nand 0 < ¢ < 1/b. Then:
(1+¢)" <14cb(e—1). (5.71)

Proof.
b b k—1
by (D)o = b\
(140 =) <k>c = 1+cbk§) <k> A

b

<1+cb &)bk=1+w(u+h1%—1)§1+w@—1y (5.72)

o \k
O
To use the lemma, let us assume that L > log(n)/a + 1. We find
e < (e—1)ne LY = exp [log(n) — La +log(e — 1) +a] < e L), (5.73)
where we defined . .
= log(n) +1+ B log(e —1). (5.74)

Hence, we see that as soon as L > L* (fulfilling the lemma’s assumption), the error is less than 1 and
find anticoncentration at logarithmic depth. The error decays exponentially in L — L*.

5.1.5 Further reading on anticoncentration

Coming soon.
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5.2 Entanglement dynamics and membrane picture

5.2.1 Motivation: Entanglement Spreading and Thermalization in Isolated Quantum
Systems

Understanding how isolated quantum systems reach equilibrium under unitary evolution is a foun-
dational question in many-body physics. Despite the absence of any coupling to an external environ-
ment, such systems often exhibit emergent thermal behavior at late times—a phenomenon known as
quantum thermalization. This apparent paradox is resolved by the Eigenstate Thermalization Hypoth-
esis (ETH), which posits that the reduced state of a small subsystem evolves toward a thermal Gibbs
state under generic dynamics, provided the system is ergodic and the energy spectrum sufficiently
complex.

In this context, entanglement plays a central role: the spreading of entanglement across the system
enables subsystems to effectively act as thermal baths for one another, leading to locally thermal be-
havior despite the global state being pure. The timescales and mechanisms of entanglement growth
thus provide deep insights into the dynamics of thermalization and ergodicity in closed quantum
systems.

Moreover, the structure and rate of entanglement spreading reflect the underlying unitary dy-
namics. In integrable systems, entanglement typically spreads ballistically but saturates at relatively
low values, constrained by conserved quantities. In contrast, chaotic systems exhibit rapid entan-
glement growth, consistent with thermal behavior, while many-body localized (MBL) systems fail
to thermalize due to disorder-induced localization, leading to logarithmic entanglement growth and
area-law saturation.

Studying entanglement dynamics, therefore, offers a unifying lens through which to investigate
ergodicity breaking, the emergence of statistical mechanics from quantum theory, and the subtle
interplay between locality, conservation laws, and randomness. In what follows, we focus on the
quantitative characterization of entanglement propagation, connecting it to operator spreading, light-
cone structures, and information-theoretic diagnostics in random quantum circuits and Hamiltonian
evolutions.

We are interested in qubit circuits. Each qubit is described by the local Hilbert space H; =
span(|0),|1)) ~ €2, hence the total many-body system is described by Hy = H{N. We denote
the computational basis of Hy with {|n) : n = 0,1,...,2N — 1}, and with a slight abuse of notation
we identify |n) with the binary decomposition |s1, 2, . .., sn). (The bijection is fixed n = ):]N 12N7s;)

A generic many-body state in the many-body Hilbert space is then written as |¥) = ZZN ! Cn |n). An
essential class of states are product states, namely those that can be written as [¥roq) = ®l:1 |a;) for
N local vectors |a;) € Hi. A state that is not a product state is said to be entangled. Given a pure
state ['¥) and a bipartition of the system A U B, the bipartite entanglement, i.e., the number of Bell
pairs shared between A and B, is quantified by the reduced density matrix p4 = trg|¥)(¥|. Here,
given N4 the size of A and Nj the size of B, we defined

trp(e Z Yoo X (spspe-siyl @ lsisi - osp,) (5.75)

5 =015,=01 s, =01

with ji, ..., jn, the site labels of B. While this formula is general, we will specialize in the ubiquitous
case of contiguous intervals. Assuming B = {1,...,Ng} and A = {Np+1,..., N}, in this case we

have
2Ng 1

trp(e) = ). (ng|e|ns). (5.76)

1’1320

o Np 1 «oNa_ . N
Writing the state [¥) = ZiBB:Ol ZiAA:ol Cnyng|NB,Ma), Where |n) = |ng,n,) is just a reshaping fixed

by n = ng +2"8n 4, we have the reduced density matrix expression

2Na—12Na -1 2NB—1
pa=trg([E)(¥)) = ). ), P, |1a) (W, with o, v = ) CHB,HACZBIH/A, (5.77)

n,=0 nA_O ng=0
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which is an operator on H 4 = ®;-V:A1 H1. The Renyi entanglement entropy is defined as

Sn(pa) = log [tra ()], (5.78)

1—n

with try(e) = Zfll:A: ol (nale|na). Eq. (5.78) is a measure of entanglement in the resource theory
sense [chitambar2019quantumresourcetheories]. Throughout these notes, we will focus on n = 2,
which allows for analytical treatment in random circuits.

We will in particular study the reduced purity P = [tra(p%)]. This object is a non-linear oper-
ator in the system state, a common trait to all entanglement measures. Nevertheless, we can write it

linearly using the replica formalism. Indeed, given p = |'¥) (¥|, we have
P =tr [p5°S4] = tr [0¥°S4] , (5.79)

where the swap operator 54 = @;ca 5j, composed of the swap operator acting on two copies of
each qubit S = ), .co1 |1, p)(p,7|. It is convenient to rewrite operators Q in the third quantization
form [breuer2002theory], namely

Q=Y Qili) (il = 1Q) = Y Qijli,) - (5.80)
ij i

Then, the trace over a single qubit maps to

trig (o) = Y Is)(s| = (Il = ) (s,5], (5.81)

s=0,1 s=0,1

which allows to express trg(e) — (Ip| = @;cp(I];- It follows that, |[p4) = (Ip|p). With the same
spirit, the on-site swap operator can be expressed in the replica form

Sl= Y (srr7s| (5.82)

r,s=0,1

as well as the two-copy partial trace (I| = (I| ® (I| = ¥, s-1(s,8,7,7|. With this toolbox, the purity
is rephrased to
P = (SaLslo.p). 6.8

Quantum circuits are built of gates U acting on the state. Local gates are sparse operations in the
state. For example, the two-body unitary gate we will consider later is of the form U; ;1, acting as a
Hilbert space isomorphic to H, = H{? as

¥) =Uinl¥) = ) Y [Uiia ]2 s, i Gie1) (P Tia 51, - - 5N)
Sl,.‘.,SNZO,l r,-,r,'H,qi,q,-H:O,l (5 84)
= Z 2 [Uz-,iH]ijijj Csy,...5N |51, e r8i-1,9i,9i4+1,Si+1s - - -,SN>-

41,92=0,1s1,...,sy=0,1

Clearly, the bigger the support is of the gate U, the more dense and less sparse the operation. For
example, a unitary operator acting on all qubits is just the usual matrix multiplication

ug)y= Y Yoo Ui svlan - an)- (5.85)
ql,qz,...,l/]NZO,lSl,‘..,SNZO,l

In the following sections, we will first study the entanglement of random states on the entire Hilbert
space and later study the entanglement evolution in random circuits.
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5.3 Entanglement of random states

Loosely speaking, one expects to thermalize without conservation laws after many layers (circuit
depth or discrete time) of generic quantum circuits. A simple but effective approximation is that the
late-time state is random in the total Hilbert space.
Such a state is given by
%) = U[¥o), (5.86)

with U € U(2N) a Haar distributed unitary acting on Hy and |¥) a reference state, that we fix
without loss of generality to [¥g) = |0)®N.

The Haar distribution is simply the uniform distribution over the unitary group with the require-
ment of compatibility with the group structure. This statement is a fancy way to say that the measure
#(U) is invariant under left group multiplication u(VU) = u(U) for any V € U(2N). Given a bi-
partition A U B, let us compute the average entanglement of random states. Using the superoperator
formalism, it is a simple exercise to verify that

UpU' — U ® U*|p), (5.87)

with e* the complex conjugation. Let us first focus on the n = 2 Renyi entropy. From the previous
discussion, we have
P = (SAlz|U® U* @ U U*|po, po), (5.88)

with pg = [¥o) (¥o| our reference state. We are interested in computing the Haar average
P= EHaar [P] = (SAHB“EHaar [u QU*@U® U*] |P0/ PO> (5.89)

The main ingredient for this computation is the Schur-Weyl duality, which states that for k replica
and acting on N sites,

Braar (U U] = 1 We(ro 2" T (17 (5.90)

0,TES

with o, T € S are permutation operators, |TY) = |T,)®N, and each |T,) is the representation of the
permutation ¢ on a single k-replica qubit. The coefficients Wg(to~!;2V) are the Weingarten symbol,
tabulated for the group Si. (We refer to Ref. [mele] for a pedagogical discussion on these tools.)

In the case of interest, k = 2, the two representation are simply |I) for the identity permutation
() and |S) for the swap (12). The Weingarten takes only two values Wg(();d) = 1/(d*> — 1) and
Wg((12);d) = —1/[d(d?> — 1)]. Furthermore, it is an easy calculation (recall definitions in terms of
the Hilbert space vectors) to show

(T|T) =4, for T=1,5,  (SI) =2. (5.91)

Putting it all together, we have

ol ~1.5N —1.oN 2Na 4 2N
P = ). Wgler 5;2%)(Sals|To)(Teloo, po) = ), Wglor 2%)(Sallp|Te) = —x— 7
0,T€ES 0,TES) +
(5.92)
where we used (T+|po, po) = 1. The Rényi 2 entanglement then is given by
S, = —log [P] (5.93)

and for Ny = Np = N/2and N > 1, this is given by S, =~ log(2)(N4 — 1), fulfilling what is
known as volume-law scaling (the entanglement grows linearly with system size). We conclude by
noting that we have considered the so-called annealed average. The quench average S = Exaar[S2]
is difficult to obtain because of the log. Nevertheless, the Haar group is self-averaging. Hence, the
annealed average indicates the quench average up to corrections exponentially suppressed in system
size.
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(a) [S)YIS)IS) D) ID) 1) (b)

P = o
{02«;2} v =

Figure 5.4: (a) The purity after Haar averages maps to the partition function of a classical statistical
model. (b) The key ingredients are the triangular weights (5.98) which emerge from the lattice struc-
ture. (c) In the infinite system limit, the model is simply a random walker backpropagating from time
t to the initial state. Adapted from Ref. [zhou].

5.4 Entanglement evolution
We consider a circuit composed of layers U(7) = (ITi=1,n/2 Uni—12i) (TTi=1,n/2-1 Uzinit1). Each uni-

tary gate is an independently identically distributed Haar random gate in the 2-qubit unitary U/ (22).
The state at time ¢ is then given by

t
¥, = (H u<f>) ¥o). (5.94)
=1

Then, our goal is to study the average evolution of the reduced purity over the circuit realizations,
namely

Pr = E(Sallp|U; ® U @ Uy @ U |po, o). (5.95)
Since the gates are i.i.d., we can recycle the previous computation for each gate, getting
Jii+1EHaar [(ui,i—i-l & u;fi-i-l)@k} = Z Wg(TU_1;4)|TU)i|TU)i+1 (Te|iTe|iyq. (5.96)
0,TES

Compared to the random case, the critical difference is the presence of locality, encoded in the site
label i,i + 1 on each operator. Because of the Eq. (5.91), these contractions will lead to non-trivial
weights, which can be challenging to handle.

To simplify our problem, we can construct the dual operators |TT) such that (TT;|T,T,) =
61,1, These are simply a linear combination of the original |T), for instance |II) = 1 (|II) — |SS)).
Remarkably, the transfer matrix J; ;1 considerably simplifies to

Jiir1 = Y [T)i|T)ipa (TT
T-15

ii+1- (5.97)

Then, the purity is mapped to the partition function of a classical statistical mechanics problem in a
triangular lattice, with elementary weights

(5% _
W< 10 2) = Y (To, Toy | Tr, To)Weg (03771 4). (5.98)
3 €S,

Let us assume that N — oo and that Ny = {1,2,... } is a semi-infinite line. This assumption allows
us to neglect the boundary effect, which is responsible for the volume-law saturation value at finite
N but presents negative weights in the partition function, which are challenging to deal with. Nev-
ertheless, this limit presents the relevant physics for t < N/2 even for the boundary problem due to
the Lieb-Robinson bounds on the quantum correlation spreading.
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Identifying I := + and S := —, the 8 weights are
W<+ +) _ W<_ _> —1 (5.99)
+ _
W<+ _> :W<_ +) =w<+ _> :W<_ +> _2/5 (5.100)
+ + - —
W<+ +> = W(_ _) = 0. (5.101)
— +

The interface |S4llz) combined with the biorthogonality of the |T), |T) fixes all weights to be the
identity except at the location of the entanglement cut. The J;;,; induces a motion for this interface,
which is stochastic and back-propagates to the initial state. (Recall that, since we consider as reference
state [¥o) = |0)®YN, these contribute with weight equal to 1, since (T,|0,0,0,0) = 1 for each qubit
andany o € &,.)

Thus, the resulting model is just a random walk, with equal probability at each step to the left or
right and energy cost when drifting 2/5. Putting it all together, we obtain the final result

t t
Pi= ) HW(U;D =2' (é) = <§> : (5.102)

paths i,j,k

where the 2! is the total entropy cost and (2/5) is the total energy cost. Thus, the typical entropy
grows linearly in time S, = vgt, with the entanglement velocity vg = log(5/4). The growth does not
stop for infinite systems, whereas it saturate at time f ~ O(N,) for finite system sizes.
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APPENDIX A

SOME LINEAR ALGEBRA

This section gives a basic introduction to the linear algebraic concepts used in this course. Most of
this should already be known from linear algebra and quantum mechanics lectures. At this point, the
lectures notes are more detailed than the lecture to achieve a certain self-containement of the notes
and provide a reference for later stages of the course.

A.1 States, operators, superoperators

State space As usual, quantum mechanics is modeled on a Hilbert space H, which we take, in good
quantum info tradition, to be finite-dimensional for the remainder of this course. Hence, we can simply
think of # = C? with the standard basis |x) labeled by integers x = 0,1,...,d — 1, and the standard
inner product

d—1
(ple) = ZOEEx(Px/ (A1)

where ¢y = (x|¢) and ¢, = (x|¢) are the coefficients in the standard basis. Typically, we take
vectors i € H to be normalized: (y|y) = 1.

The notation of the inner product as a ‘bracket’ motivates the popular Dirac or bra-ket notation
which we adopt here: In this context, vectors ¢ € H are called kets and written as |¢). The corre-
sponding bra is a dual vector (| € H* and given by the linear form H > ¢ — (| ¢).! While the pair-
ing between a bra and ket yields the inner product (the ‘bracket’), the pairing between a ket and bra
forms a so-called outer product |¢) ( ¢| which is a linear operator on H thatactsas H > x — |¢) (@] x)-

Linear operators The vector space of all linear operators A : ‘H — H is denoted by L(#). For any
A € H, its adjoint AT is the linear operator for which

(Y|Ag) = (ATylg), V9. (A.2)

If represented in an orthonormal basis, such as the standard basis, the adjoint operator is the conju-
gate transpose matrix, At = AT,

Definition A.1. In the following, we define some relevant classes of operators:

* Hermitian (or self-adjoint) operator: A € L(H) such that A¥ = A. Hermitian operators have only real
eigenvalues and an orthonormal eigenbasis.

Unitary operator: U € L(H) such that UTU = UUT = 1.

* Positive semi-definite (psd) operator: Hermitian A € L(H) with only non-negative eigenvalues. We
write A > 0.

Projector: Hermitian P € L(H) such that P?> = P.

Quantum state: p € L(H) such that p > and trp = 1. p is called pure if it is a projector: p*> = p.
Pure states have rank one and are of the form p = |¢) (/.

Finally, the unitaries on H form the unitary group U(H) = U(d).

In mathematics, this is called the Riesz representation theorem.
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The vector space End(#) of linear operators on ‘H forms a Hilbert space of dimension (dim #) =

d? in its own right with the Hilbert-Schmidt or trace inner product:

(X]Y) = tr(XTY).

In particular, we can introduce an orthonormal operator basis as a set of operators Ay, ..

(A.3)

., Ap such

that (A;|A;) = 6;;. We will now introduce an import example of such a basis, the Pauli basis.

Recall the Pauli operators

0 1 0 —i 1 0
00,15X2<1 0>, UMEY:(i 0>, Ul,oEZ=<O _1>,

(A.4)

which we complement with the identity 09 = 1. Then, the multi-qubit Pauli operators
on H = (C?)®" are simply given by all possible tensor products of the single-qubit Pauli
operators, in formula:

Og =040, D Q0sy, 1,30,, 4E Z%”. (A.5)

Pauli operators are orthogonal, (0, |03,) = 2"6, ), . In particular, the normalized Pauli oper-
ators 6, = 27"/2¢, form an orthonormal operator basis. Note that Pauli operators can be
generalized to arbitary dimensions and they give rise to an orthonormal operator basis in

any of those.

We leave it as an exercise to show some basic properties of Pauli operators.

Exercise A.1 (Properties of Pauli operators). Using the definition of Pauli operators, Eq. (A.5), show the

following properties:
(a) 0} = 0, and o} = 1, i.e. the multi-qubit Pauli operators are both Hermitian and unitary.
(b) 0,0y o 0,4y, where addition is in Z3", i.e. modulo two.
(c) 0,00 = (=)0, where [a,b] := Y1 aiby i + an b

(@) (0aloy) = 2"5,.

Superoperators and quantum channels Following a common nomenclature, we refer to linear
maps ¢ : L(H) — L(H) as superoperators (on H). We call ¢ positivity-preserving or simply posi-
tive iff p(A) > 0 for all A > 0. As it turns out, positive maps are not necessarily positive when we
let them act on a subsystem of a composite system, i.e. if we consider ¢ ® id 4 for some auxillary
system A. Thus, we say that ¢ is completely positive iff ¢ ® id 4 is positive for any auxillary system A.
Completely positive maps are the ones which we consider ‘physical’, as the map quantum states to

quantum states. This leads us to the definition of a quantum channel:

Definition A.2 (Quantum channel). A quantum channel is a superoperator ¢ that is completely positive

and trace-preserving, this is ¢ ® id 4 is positive for any auxillary system A and tr(¢p(A)) =

A € L(H). We call ¢ unital iff (1) = 1.

tr(A) for all
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Some examples of quantum channels are the following;:

Unitary channels: ¢(X) = UXU' for U € U(H).

Mixed-unitary channels: ¢(X) = ¥; AU XU] for U; € U(H), A; > 0,and Y;A; = 1.
These are convex combinations of unitary channels.

Dephasing channel: ¢(X) = Y. (x| X|x)|x) (x].

Reset channels: ¢(X) = tr(X)p for a fixed quantum state p.

To denote superoperators, it is handy to introduce an ‘operator Dirac notation” as follows: In
analogy to the usual Dirac notation, we use the Hilbert-Schmidt inner product to define operator kets
and brasby |Y) = Y and (X| : Y — (X]Y). Likewise, we can define outer products | X)(Y| which are
now linear maps on L(#), i.e. superoperators, acting as A — (Y| A)X.

The “operator bra-ket notation” is especially useful to expand a superoperator in an operator basis,
i.e. write down its matrix representation. Typically, we will use the (normalized) Pauli basis in this
context, but any orthonormal basis works similarly. To this end, we observe thatid = }_,|6,)(8,| and
thus

¢ = Zb:’ﬁa)(ﬁa [ |0) (03] =: §¢a,b!ﬁa>(ﬁb’ (A.6)

The matrix (¢,p)4p is the representation of ¢ in the Pauli basis. For quantum channels, this matrix
has certain properties, which we here leave as an exercise:

Exercise A.2. Let ¢ be a multi-qubit quantum channel and let (¢, ), be its matrix representation in the
Pauli basis. Show that

(@) (¢pap)ap is real.

(b) ¢u0 = ap0. If ¢ is unital, it also holds ¢g 1, = dop, hence ¢ ~ ((1) 2)

(c) Suppose ¢ is a Pauli channel, this is p(X) = ¥, Aa0a X0 (for convex coefficients Ay). Then, (¢np)ap
is diagonal (use Ex. A.1).

Norms Throughout this paper, we use Schatten p-norms which are defined for any linear map X €
L(V, W) between Hilbert spaces V and W and p € [1, 00| as

YN
uxup::(trrxp)”:@af) , (A7)
i=1

where |X| := VXX € L(V) and 0; > 0 are the singular values of X, i.e. the square roots of the
eigenvalues of the positive semidefinite operator X' X. In particular, we use the trace norm p = 1, the
Hilbert-Schmidt norm p = 2, and the spectral norm p = co. The definition of Schatten norms only relies
on the Hilbert space structure of the underlying vector space, thus these norms can be defined for
operators and superoperators alike.

A.2 Non-orthonormal bases

Let (fi)ic(q) be a basis of a Hilbert space V. Thus, every v € V has a unique expansion v = ), v; f;.
If (f;); is orthonormal, then the coefficients v; can be simply expressed as v; = (f;|v). This can be
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generalized to arbitrary bases by introducing the concept of a dual basis (f;); which is defined by the
linear system of equations

(fil fi) = ;- (A.8)

As (fi); is a basis, this system has a unique solution. It is now straightforward to verify that
(filo) =} oilfilfy) =i (A9)
]

Moreover, this implies that
(Z\ﬁ><ﬁ!> (0) =Y vfi=v0, (A.10)

forallv € V and hence Y| f;) (fi| = idy.
The dual basis can be computed using the Gram matrix

Gi/]‘ = <Ui‘l)j>. (A.ll)

One can show that G is generally positive semi-definite and since the v; are linearly independent, the
eigenvalues are in fact strictly larger than zero. Hence, it is invertible and we define its inverse as
W := G~ L. Then, the dual basis can be expressed as

0; 1= EWZ',]'U]' . (A.12)
i

Indeed:
<ﬁi|Uj> = ZWi,k@k ‘ U]> = ZWi,ka,]- = (51',]' . (A13)
k k
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